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Zipf’s Laws make connections between three things: the length of a word, its
probability and the probability rank. In this paper | shall be concerned with the
connection between these in languages generated by a probabilistics context free
grammar.

Recall that a probabilistics context free grammar is a context free grammar
G = (A N,S,R Pg), whereAis the alphabte of terminal symbols, the alophabet
of nonterminal symbolsS € N the start symboIR = {p(i) : i < p} the set of
rules, andPg a function which assigns probabilities to rules in such a way that
the probabilities for rules that expand a given nonterminal sum to 1. Trees are
in biunique correspondence with leftmost derivations. Probabilities for trees are
assigned to their leftmost derivations as follows. Bet p(i1)p(i2) - - - p(in) be a
derivation, then the probability of the derivationig_, P (o(i;)). The probability
of a string is the sum of the probabilities for all its leftmost derivations.

The leftmost derivations can also be generated by a PCFG in the following
way. For convenience we assume that the grammar rules are either of the form
X — X, wherex is a terminal string, or of the forr — Y, whereY is a string of
nonterminals. Puf® := R, NY := N, andS* := S, and let the new set of rules be

Ri:= {X-p@)Y:i<pandp =X-Y}

(1) "o
U{X — p(i) ;i< pandp(i) = X - X}

The rules of the new grammar are in biunique correspondence with the rules of
the old grammar, and we assign the probabilities accordingly. ThéPgd(X —

p()Y) := Ps(p(i)), andPgs(X — pi) := Ps(o(i)). The new grammar i€§? =

(A9 N9 S9 R Pgs). There is an obvious map from strings generatedsByto
strings generated b@. It is defined by induction on the derivation @ (which

is again a dferent object than the strings @F). SinceGY produces strings in
Polish Notation, one can also do induction on the string qua term:

o(X) =X
(2) ép):=x (p=X—-X
S(pcy -+~ Fn) 1= 6(0)---6(@)  (p=X—Y)
Of particular interest are the terminal strings@f. These correspond to the ter-

minal strings ofG in a biunique way, since the first clause of the definition above
is not used.



Let A be an alphabet. The spaRé can be endowed with operations that turn
it into a vector space with unit vectoasa € A. Similarly, we can form the sét*
and endow it with an operation of addition and linear multiplicatidpi. ¢ RA.
These spaces shall be endowed with the so—cdletrm: let X = Y, .paX.
Then

3) M=) Ixl

If Xis a string|n(X)| is simply the length oK. A subsetS of N* is calledlinear if
there are vectorg w;, i < p, such that

p
(4) S:{V+Zkiwi - foralli < pik EN}
i=1

A finite union of linear sets is calledsemilinear set The Parikh—map n from
A* to NA is given as follows.

n(a) :=a

n(XY) := 7(X) + 7(y)

If L € A" is generated by a context free grammar thln] is a semilinear set.
(The converse is false.)

Now, the Parikh—map conflates many strings into the same vector. Therefore,
let f_ : N" — N be defined byf_ (v) := |{X: #(X)|. We say that the numbdy (V) is
the population of v. Letx_ denote the number of strings of lengthnin L. We
can derive the following formula.

6) xn=) f(v)

vi<n

(5)

We shall ask: how fast does this number grow? The upper limit is given by
Yind = (@' - 1)/(g - 1), g := |A], thus an exponential growth. On the other
hand, the sets of vectors of lengtlare bounded by a polynomial. Basically, we
expect two types of languages: those that grow exponentially and those that grow
polynimally.

Definition 1 A language L is calledparseif «, is O(n%) for some g. This means
that there is a polynomial f of degree q such that for almost atl s f(n).



Theorem 2 Let L be a context free language. Then if L is not sparse, thete is
and a constant ¢ such that for almost all &; > ca".

(Awaits proof.)

Now we shall look into the problem of the probabilities depending on rank. We
shall make the assumption that there is an unambiguous probabilistic grammar for
L. (If L is regular and accepted by a probabilities FSA, this is certainly the case.)
Then the probabilty for a given stringis the probability of its unique leftmost
derivation. This allows us to replace the original grammaGBy

The set of complete derivations is a semilinear subsé"f Consider the
following map from complete derivations R

n

(7) or---pn) = ) —logPs(p)

i=1

(The base of the logarithm is unimportant.) Since probabilities are numbers strictly
between 0 and Iy(o) > 0. g(0) is actually the negative logarithm of the probabil-

ity of the derivation, since the probabilities multiply, so that the logarithms add.
Moreover, notice thag factors through the Parikh—-map. Namely, we can define
the following map fronRR to R:

n

(8) h(kup(1) + k() := >~k log Ps(p(i))

i=1

Theng(p) = h(r(0)), because the probability is independent of the order in which
the rules appear.

Now consider Zipf's Second Law. Arobabilistic languageis a pair(L, p)
such that 4, p(X = 1. Suppose the language is infinite, and th& enumerated
by a functionr such thatpr(k)) < p(r(m)) wheneverk > m. Such a function is
called arank function. Then the law asserts thpfr(m)) ~ ¢c- m™, wherea > 1.
Thus, if the strings are aligned in decreasing probability, the probabilities go down
in a polynomial fashion.

Now let us establish a rank function for the languaggenerated by an unam-
biguous PCFGs. We have established a map frarfx) to the negative logarithm
of the probabilitiy. Now, ifr < sthen—logr > —logs, so in order to order the
elements according to decreasing rank, we may also order them with increasing
negative logarithm of probability. Led(x) = |{v € NR : h(v) < x}|. The numbers
o(x) grow polynomially withx (they measure the volume of the preimage of the



cube of vectors of length x; the latter is polynomial irx, andh is a linear map).
Now, what we actually want to know is another number, namely

9  p(¥) =g € L(G?) : —logPas(F) < X}

We distinguish two cases. First, assume thas sparse. Themp(x)/o(X) is a
polynomial. Let therb be a given rank. Theris of the magnitudgb*/" for some
numbersy andw. So, the probability i€ """, Thus, the probabilities decrease
not in polynomial fashion, but in an exponential fashion (though the function is
more exactly an exponential of teh root of the rankb).

Now let us assume thatis not sparse; thep(x)/o(x) is exponential. In this
case, ifbis the rankx is of the magnitude + § logb for some constantg ands.
So, if —log p(r(b)) = x ~ y + 6logb, we havep(r(b)) = e7-9/09> — g7 . gdlogb,
Putd := e; furthermore, observe that®'°9® = (€°9*)% = b9, So we arrive at
the following theorem.

Theorem 3 Let(L, p) be a probabilistic language generated by an unambiguous
PCFG. Suppose further that L is not sparse. Then the function from rank b to
probability is given in the limit by () = 9b~° with¢ > 0,6 > 1.



