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1. An odd\t-ion chain for a positive integer n 1a a sequence l-a0<a1<., .<ar,m

of integer& such that for each l?_l , a
1 

• a
1

.+ � for aome k ..5 J < l •

Define l(n) to bu the ■inimal l�ngth r for uhich en addition chain for n

a:d11ts. For r � o-, let c(r) be the ml.ni!Ul value of n such thnt l(n) - r

and ht d(r) be tho m1111�r of so:uuons n to the, equation l(t1.) _ .. r

(cf. KNUTH (1969a) }.

Theorem t. If r 2: 9- then 

Tbis theorem follow» fr0111 a r-esult.-of GIESE (1974). An tmprov!ll11ent of. the

lower bo��d for c(r)'wae given by THURBER (�973).

2. UT� (1S53) conjectured that d(r) < dCr+l) for ell r > 0. KNUTH (1969a/b)

c�puted th� valuen of d(r) for r � 15 , and a3ked for the asy:a�totlc

growth c,£ d(r) (unsolvd pcoble• 33, ?• 422).

It se�ms very difficult co show even lit2's conjecture, but the result.a of

BRAUER (1939), UTZ (1953), GIO[A, SUBSARAO, SUGU� (1S62), and KJlUTH
(t969a) allow the following lowar bound,

Theorem 2. tf r > 11 then d(r) � ¼<r � 9r + 44) - 10

Thia bound cov�rs e\l integers n with f(n) • r and v(n} < 4,·where v(n)

h the nU111ber of oneci in the btn,111:y axpaneion of. n. So th�oro,m 2 (and the ·

theoreins be,low) could !>11 i.,,pr<>ved immediately, if tha int"asitrs n v1ch

t(n) • r could be che-racteriz� �x=tly for v(n) > 4. Now _slncc this tci

a someho� intricate way, a ne� and different attempt is ncces•ary.

Theorem 3. If. r > 5 thrn 

Coro�. If r > 3 r.h,,n 

d(r) !; 2�-2 + (r-2)1 + Cr-1) - t d(l)
O�l<r 



J. 

Tht!Orll!II 5, If r � 7 thnn 

- - 2 -

.;111 t \eorc!'II ut i c: r le el l.Jlllnot.i,d hy the to11cr 

bound u( TlluRBER ( 1973), the i:-c;ult h GSY,:,l)totic:alty l:elt.er thAn corol lAr:y 4. 

Suwmary: 

C. 11 6 If 8 '" icr-'," < d(r) < 2 :r-2 - 2
1
½J . (r-.. )1 nru ary . r > t .. en G "r , l � • � 

Thr.re le st.i.lt G 1 �re" gup bct.w en lovct> end tJppu bound I 

For n 2:,·1 ' h:t q(n) he t!le numb.ir of additiol\ ch11int1 of calnl111iil length 

,f(n). 

For c1'nn1p le, q(7) .. 5 ( ml.nim<il iu:ldL tion chaln111 !or 7: 1,2,3,4,7; l,�
1
3,S,

7,. 1,2,3,6,7; 1,2,4,.5,?; 1,2,4,6,7 ). 

ThP.Orem_l. (J) l( v(n) then q(n) • l . 

(2) If v(I\) - 2 ' 1.o. ll .. '1.A ·+ -2·11 (A> B � 0) I 

thell 

{!'"" 
3 if Ba A - J 

q(n) • iE B .. A• l 

2(B+l) othen,le• 

If r i ij then d(r) "' z-<r-Z) • ( I q(n) l . 
n :iri.th 11.(n)•T 

h mtnfmlll addltlon chAla 11uirt9 with 1,2,l, ••• or 1,2,4, .•• 

Xhcrgfort, let q
3

(n) 

nnd Jo,flne �
4

(n) Cur 

be llu, n1.1�1h,n ol :::inlmnl �,Ju! tion chaino Ylttf 

a
2 

,.4 .l.lkewhc. 'fhen, 4(n) = q3'n) • 114(n) , 

Th�rem 8. (1) If v(n) "' 1 t!li,n <J
3

(n) • 0 • q
4

(�) = J ' . 

(2) If v(11),. 2 • l.e. n., 2A f- 2 8 
(A> 8? 0) 

then 
q)(,.;) " l I "'• {n) .. A. - i 1f K .., A -

C13(n) n 1 • q4 (n) = 211 t- 1 u Ba;. -

�2 • 3, 

l 

2 

A ()J(n) • A-2 , q1►(") • iA-1) - l 1.f D • A - 3 · 

q3(n) • 0 , ri4 (n) - 2(11+1) <>the,rvl■e 

;. 
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'!'hie <1ut.ho,· h<1s conjectureJ that !1
4 

{n) � 1.. for all n ,?. 4 , hut t,e h 

only "ble t� in-o�e it true for v(n) � 2 (th�orem 8) an1 for n < lJJ 

( Ey comput .. r c11lc11l,1tio11s), I.£ Chill cnnjcctuTe i � cru", then it pcosthl y 

leads tn n. s{mphi: a.leorf thm for �nmputl.11r, .:,Jcition ch0.in11. 

(Proofs umi furthnr r .. ault� �re available in 

Rolf Sonnt11A, "l'l'leurie c!�r MditionAk4t.ten11 , Diplomarl>elt, il.ugu11t 1q1a, 

Technischr. Untversltiit 11.annove.-, 1/•�nt Gei-,ni;ny) 
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