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An addition chain for a positive integer n {0 a sequence 1-no<ul<...<arm

of integers such that for each 1i>1 , ‘i e aj.+ o for some k< § <.

Define 2(n) to be the ainfmal length ¢ €for vhich an gdditfon chain for n
exists. For r > 0, tet c(r) be the minimal value of n such that #{n) = r .

and let d{r) be the number of solutions n to the equation .!(n) -

(ef. KRUTH (1969a) ).

Theorem 1. T1f r > 9. then 2L2J < ) < 2:43 + 7
Thes theorem follows Erom a result of GIESE (1974). An improvement of the

lower bound for c{r) was given by THURBER (1973).

uT2 (1953) conjoctu;:ed that d{r} < dlr+l) for all r> 0. KNUTH (1969a/d)
computed the values of d(r) for ¢ < 13 , and asked for the asymptotic
growth of 4(r) (unsolved problem 33, p. 422).

It scems very difficult to show even Litz's conjectura, but the resules of
BRAUER (1938}, UTZ (1953}, GIOLA, SUBBARAOD, SUGUNMM (1962), and XKNUTH
(1969a) ellow the following Llower bound:

Theorem 2. If r > 11 then d(r) > E(x* - 9r + 44) - 10

This bound cavers all integers n with #(n) = v znd vin) < &, where vin)
is the number of ones in the binary expansion of n. So theoren 2 {and tha ~
theorems Lelow) could be im;'arpved {mmediately, if tha Afitegars n with

2(n) = r could be cheracterized exactly for wln) > 4 . Now slnce this is

- a gomehow intricate way, a newv and differanl attempt {s nécessary.

Theorem 3. If 1> 5 then dlr) <2572 4 (r-2) 4 i N I oaty

Corollary 4, If r >3 then dr) € 2% - E(e?(e-16) + 83r -262) - 13 -



Theorem 5, If 27 then d(r) <2572 & (c=2)* - c(x) .

This BoniRd L[s weaker than theorom 3, But 1f clr) 1o eliminated by the lower
bourd of THURBER {1973}, the rceult iw csymptotically telter than corollary 4.
Suwmary:

|

Corullary 6. If r > 8 then %(r—ﬁ)’ < d(r) < e 2L?J + (=22

There Ly still a large gap between lower and uppar bouadl

For n 21, Jet q(n) he the numbsz of sdditfon chains of winlmal length
tln). i

For example, y(7) = 5 ( minimal addltion whains foc 7: 1,2,3,4,7; 1,2,3,5,
7; 1,2,3,6,7; 1,2,6,5,7; 1,2,6,6,7 ). '

Theorem 7. (1) If w(n) « 1 then qln) = 1 .
(2) 1€ w(n) =2, too. n=242" A>B20),

then $a) =3 1 Ban-3
q(n) = A U BN el .
2(B+1) otkerwiee

-(r-2)

I¢ v <8 then 4dr) =2 o ( ) qln) ) .

n with #(n)av
A minimal addledion chaln starts with 1,2,3 ... or 1,2,6,... ,
Thergtore, Let qs(n) be Lhe nuaber of ninimal addition chaina witk az-a,
and deflne q‘(nJ for 8,=4 ilkevisc. Then, u(n) = q3(n) + q‘(n) s

Theorem 8, (1) If wln) = 1 then qs(n) -0, qc(n) PO Y

() 1€ () n 2, teae n=2" 228 A0,
then qs(ﬁ) =1, gqle) . A - 1 1f Haao-l
q3<n)n1 s 4 (n) =28 &L 1f Bo A-2

ay(n) = A-2 , a,(n) = %(a-n -1 1f De=a-3

2{B8+1) othurwloe .

q3(n)-0 3 qé(u)




This author has conjectured thot 'qa(n) > 1. for all n > 4 , but be is

only able te prove it true for w(n) < 2 (theoream B) snd for n < 133

{8y computer calculations). Lf thils conjecture i3 true, then it peasihbly

leads ta a simpler algoricthm for camputiny additien chalns.

(Proofs aod further results are availabic im

Rolf Sonntag, "Theorle cer Additionskatten", Diplowarbelt, Aupust 1978,
Teclinische Universitdt Hannover, Weslh Germany)
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