Asymptotics of Highly Composite Numbers

Achim Flammenkamp

Fakultät für Mathematik, Universität Bielefeld, Germany

achim@uni-bielefeld.de

For any number n ∈ N let n = ∞∏ i=1 p^{ei}_i = m∏ i=1 p^{ei}_i with ∀ i ∈ N : e_i ∈ N_0, p_i ∈ P and ∀ j < i : p_j < p_i

and m = max {i ∈ N : e_i > 0} with 0 = max{} be its canonical prime factorization. Then the number of its divisors is d(n) = m∏ i=1 (1 + e_i) .

Notation:

p_0 := 1 and ∀ x ∈ R^+ : ln x := loge x , lb x := log_2 x Definition 1 A number n ∈ N is called highly composite iff ∀ n^′ < n : d(n^′) < d(n). Thus the sequence of the Highly composite numbers is the sequence of the recordholder of the d-function. It follows immediatly for any n ∈ HCN, the set of all Highly composite numbers, holds ∀ i, j ∈ N : i ≥ j ⇒ e_i ≤ e_j .

S. Ramanujan ([2]) proved, that iff n ∈ HCN then ∀ i ∈ N holds ⌊ ln p_m ln p_i

⌋ ≤ e_i ≤ 2⌊ ln p_{m+1} ln p_i

⌋ . (1) With Definition 2 ∀ n ∈ HCN ∀ k ∈ N : m_k := max{i ∈ N : e_i ≥ k} these bounds (1) can simply be improved to

∀ i ∈ N : max_{k∈N} {k⌊ ln p_{mk} ln p_i

⌋} ≤ e_i ≤ min_{k∈N} {(k + 1)⌈ ln p_{mk +1} ln p_i

⌉ − 2}

These inequalities give the asymptotically correct result e_i ∼^1_{ln 2}^{ln pm}_{ln pi} , which Ramanujan also proved. Preciser, ∀ n ∈ HCN ∀ i ∈ N holds

ln p_i ln(1 +^1_{ei+0.5} ) ∼ ln p_m ln 2 respectively e_i ∼ 1 2^{ln piln pm} − 1 − 1 2 . Definition 3

∀ n ∈ HCN : x_{min}(n) := max{ ln p_i ln(1 +^1_{ei} )

: 1 ≤ i ≤ m}

∀ n ∈ HCN : x_{max}(n) := min{ ln p_i ln(1 +^1_{ei+1} )

: 1 ≤ i ≤ m+1}

Theorem 1 If n ∈ HCN and x_{min}(n) < x_{max}(n) then ∀ x ∈ [x_{min}, x_{max}[ holds

e_i = ⌊ 1 x√ p_i − 1 ⌋ ∀ i ∈ N (2)

Definition 4 A member of HCN is called a superior highly composite number, if ∃ x ∈ R^+ satisfying (2). Denote by SHCN the set of these numbers and define ∀ x ∈ N : π(x) := |{p ≤ x : p ∈ P}|

Theorem 2 ∀ x ∈ R^+ ∃ n ∈ N whose exponents e_i are defined by condition (2) with n ∈ SHCN. Especially for these n holds: p_m ≤ 2^x < p_{m+1} . Furthermore, define κ =

∑_m i=1 e_i then we have

κ = ⌊^x_{ln 2} ⌋∑

i=1 π(p_{mi} ) =

⌊^x_{ln 2} ⌋∑

i=1 π((1+^1_i )^x) (3)

Each κ ∈ N is also the unique index of a n ∈ SHCN because the equation

x ln p_i x ln p_j = ln(1 +^1_a ) ln(1 +^1_b ) with a, b ∈ N (4)

has only solutions if i = j (then of course with any a = b).

Definition 5

∀ x ∈ R^+ : Li(x) :=

∫_x 2 dt ln t

∀ x ∈ C : ζ(x) := ∞∑ k=1 1 k^x = 1 2^{1−x} −1 ∞∑ k=1 (−1)^k

k^x

= 2 sin xπ 2 Γ(1−x) (2π)^{1−x} ζ(1−x)

Now let us remember a few known conjectures respectively theorems: Conjecture 1

π(x) ∼ Li(x) + O( √ x ln x) ,,Riemann Hypothesis”

π(x) ∼ Li(x) + O

(√x ln ln x ln x ) ,,Cramèr’s Estimation”

H. von Mangoldt [6] proved the following theorems, namely Theorem 3 ∑ p∈P pk≤x

ln p = x − ln 2π − ln √ 1− 1 x^2 + ∑ 0≤ℜρ≤1 ζ(ρ)=0

x^ρ ρ and Theorem 4

T ∈ R^+ : |{t ∈ R^+ : ζ(σ+2πit) = 0 , 0 < σ < 1, t ≤ T }| ∼ T ln T e +O(ln T )

whereas Riemann made his famous conjecture regarding the zeroes of the ζ-function, namely Conjecture 2

∀ σ, t ∈ R with 0 ≤ σ ≤ 1 and ζ(σ + it) = 0 ⇒ σ = 1 2 The above two theorems together with this conjecture imply Conjecture 3 ∑ p∈P p≤x ln p = ∑ h∈N μ(h) ∑ p∈P pk≤x 1 h ln p ∼ x + O( √ x ln^2 x)

Using the Riemann Hypothesis one can show that

Conjecture 4 p_{i+1} − p_i ∼ O( √ p_i ln p_i) (5) Since 1994 it is known [4] that ∀ ε ∈ R^+ : p_{i+1} − p_i ∼ O(p^{0.535+ε}_i ) and the true order of the “maximal” gap size is conjectured to be ∼ ln^2 p_i, preciser: p_{i+1} − p_i = n ⇒ ln p_i ∼ √ n + ln √ n + O(1) Theorem 5 ∀ p_i ∈ [4, 2^{60}] ⊂ P :

p_{i+1} − p_i (ln p_i)(ln p_{i+1}) < 1 Theorem 6 ∀ k ∈ N :

ln p_{mk} ln p_{m1}

∼ lb(1 + 1 k ) + 1 O(√p_{mk} ) Proof: Let n ∈ HCN with n = ∏ j=1 ∏_{mj}

i=m_{j+1}+1 p j i . Next we choose

n^′(h, ℓ) = n

∏_{m1+ℓ}

i=m_1+1 pi

∏_{mk}

i=m_k +1−h pi

and n^∗(h, ℓ) = n

∏_{mk +ℓ}

i=m_k +1 pi

∏_{m1}

i=m_1+1−h pi

with h, ℓ ∈ N to our disposal. Because n ∈ HCN we have

d(n^′) > d(n) ⇒ n^′ > n and d(n^∗) > d(n) ⇒ n^∗ > n meaning 2^ℓk^h > (k + 1)^h ⇒ ℓ∏ i=1 p_{m1+i} > h∏ i=1 p_{mk−i+1} and (k + 1)^ℓ > k^ℓ2^h ⇒ ℓ∏ i=1 p_{mk+i} > h∏ i=1 p_{m1−i+1} resulting in

ℓ + h lb k > h lb(k + 1) ⇒ ℓ∑ i=1 ln p_{m1+i} > h∑ i=1 ln p_{mk−i+1} and ℓ lb(k + 1) > h + ℓ lb k ⇒ ℓ∑ i=1 ln p_{mk +i} > h∑ i=1 ln p_{m1−i+1} Estimating these sums by their maximal and minimal summand, we get ℓ h > lb k + 1 k ⇒ ℓ ln p_{m1+ℓ} > h ln p_{mk −h+1} and lb k + 1 k > h ℓ ⇒ ℓ ln p_{mk+ℓ} > h ln p_{m1−h+1}

Transforming the right sides further, we get

ℓ ln p_{m1} + ℓ ln(1 + p_{m1+ℓ} − p_{m1}

p_{m1}

) > h ln p_{mk} + h ln(1 − p_{mk} − p_{mk−h+1} p_{mk} ) and for the second conclusion

ℓ ln p_{mk} + ℓ ln(1 + p_{mk +ℓ} − p_{mk}

p_{mk}

) > h ln p_{m1} + h ln(1 − p_{m1} − p_{m1−h+1} p_{m1} ) Using now the prime-gap conjecture (5), we get next for the first conclusion

ℓ ln p_{m1} + ℓ

O(√p_{m1} ln p_{m1} ) p_{m1}

> h ln p_{mk} − h

O(√p_{mk} ln p_{mk} ) p_{mk}

and for the other

ℓ ln p_{mk} + ℓ

O(√p_{mk} ln p_{mk} ) p_{mk}

> h ln p_{m1} − h

O(√p_{m1} ln p_{m1} ) p_{m1}

Simplifying both relation further, we get ℓ h + ℓ h O( 1 √ p_{m1} ) > ln p_{mk} ln p_{m1} − ln p_{mk} ln p_{m1} O( 1 √p_{mk} ) and ln p_{mk} ln p_{m1} + ln p_{mk} ln p_{m1} O( 1 √p_{mk} ) > h ℓ − h ℓ O( 1 √ p_{m1} ) Now, chose in the first case^ℓ_h = lb^{k+1}_k +ε and in the second case^h_ℓ = lb^{k+1}_k −ε such that both pre-conditions with ε ∈ R^+ become true, we get (lb k + 1 k + ε)(1 + 1 O( √ p_{m1} ) ) > ln p_{mk} ln p_{m1}

(1 − 1 O(√p_{mk} ) ) and ln p_{mk} ln p_{m1}

(1 + 1 O(√p_{mk} )

) > (lb k + 1 k − ε)(1 − 1 O( √ p_{m1} ) ) Let now n, n^′, n^∗ grow larger and larger, such that also m_1 −m_2 and m_k −m_{k+1} become larger and larger, we can chose larger and larger values h and ℓ resulting in ε tends to 0. With the notice that surely^{ln pmk}_{ln pm1} ∼ O(1), we finally arrive at lb k + 1 k + 1 O( √ p_{m1} ) > ln p_{mk} ln p_{m1} + 1 O(√p_{mk} )

> lb k + 1 k − 1 O( √ p_{m1} ) which is equivalent to ln p_{mk} ln p_{m1}

∼ lb k + 1 k + 1 O(√p_{mk} ) .� Corollary 1

∀ k ∈ N : p_{mk} ∼ (1 + O( ln p_m √p_{mk} )) p^{lb(1+ 1k )} m ∼ p^{lb(1+ 1k )}m + p^{12 lb(1+ 1k )}m O(ln p_m)

Theorem 7

n ∈ HCN : ln n ∼ p_m + p^{lb 32}m + O( √ p_m ln^2 p_m)

Proof:

ln n = m∑ i=1 e_i ln p_i =

m_1∑

i=1 ln p_i +

m_2∑

i=1 ln p_i +

m_3∑

i=1 (e_i − 2) ln p_i ≥ ∑ p∈P p≤pm1

ln p + ∑ p∈P p≤pm2

ln p ∼ p_{m1} + O( √ p_{m1} ln^2 p_{m1} ) + p_{m2} + O( √ p_{m2} ln^2 p_{m2} )

Using p_m = p_{m1} and ln p_{m2} ∼ lb^3_2 ln p_m we get

ln n ≥ p_m + p^{lb 32}m + O( √ p_m ln^2 p_m)

Because the sequence of the n ∈ HCN is strictly monoton increasing the subsequence of the n^′ ∈ SHCN must have the same asymtotic in its order of growth as far as we doesn’t get finer than the spacing of successive SHCN, which is bounded from p_m by above. Thus we have ln n ∼ ln n^′ + O(ln p_m) .

m_3∑

i=1 (e_i − 2) ln p_i ≤

m_3∑

i=1 ( 1 x√ p_i − 1 − 2 ) ln p_i =

m_3∑

i=1 ( 1 e^{ln pi}x − 1 − 2 ) ln p_i ≤

m_3∑

i=1 ( x ln p_i

−2) ln p_i ≤

m_3∑

i=1 x−2 ln p_i = m_3x−2

m_3∑

i=1 ln p_i ≤ m_3 lb p_{m+1}−2 ∑ p∈P p≤pm3

ln p <

p_{m3} ln p_{m3} −1 ln p_{m+1} ln 2

−2p_{m3} +O( √ p_{m3} ln^2 p_{m3} ) ∼ p_{m3} O( ln p_m ln 2 ln p_{m3}

−2) ∼ p_{m3} O(1)

Putting everthing together we finally get

ln n ∼ ln n^′ + O(ln p_m) ≤ p_m + p^{lb 32}m + O( √ p_m ln^2 p_m) + p_{m3} O(1) + O(ln p_m)

and because p_{m3} ∼ p^{lb 43}m < p^{12}m we get the necessary upper bound. �

Corollary 2

∀ n ∈ HCN : p_m ∼ ln n − ln^{lb 3}2 n + O(ln^{12} n ln^2 ln n)

⇒ m = π(p_m) ∼ π(ln n − ln^{lb 3}2 n) ∼ Li(ln n) − ln^{lb 3}2 n ln ln n Theorem 8

n ∈ HCN : lb d(n) ∼ k−1∑ i=1 lb(1+ 1 i ) π(p^{lb 1+1i}m )

Proof: Firstly the trival direction with fixed k ∈ N:

lb d(n) = lb m∏ j=1 (1 + e_j ) = k−1∑ i=1 (m_i − m_{i+1}) lb(1 + i) +

m_k∑

j=1 lb(1 + e_j)

= k−1∑ i=1 m_i lb(1+ 1 i ) + m_k∑

j=1 lb 1 + e_j k ≥ k−1∑ i=1 m_i lb(1+ 1 i ) = k−1∑ i=1 π(p_{mi} ) lb(1+ 1 i ) To get a sufficient upper bound we estimate the neglected term with n^′ ∈ SHCN using (2):

m_k∑

j=1 lb(1 + e_j ) = 1 ln 2

m_k∑

j=1 ln(1 + ⌊ 1 x√p_j − 1 ⌋ ) ≤ 1 ln 2

m_k∑

j=1 ln(1 + 1 x√p_j − 1)

Next we use the estimation ln(1 + x) <^{2.6} √ x < x^{0.4} which holds ∀ x ∈ R^+ . 1 ln 2

m_k∑

j=1 ln(1 + 1 x√p_j − 1) < 1 ln 2

m_k∑

j=1 ( 1 x√p_j − 1

)_{0.4} = 1 ln 2

m_k∑

j=1 1 (e^{ln pj}x − 1)^{0.4} < 1 ln 2

m_k∑

j=1 ( x ln p_j

)_{0.4} < m_k ln 2 ( x ln 2

)_{0.4} < m_k ln 2

(lb p_{m+1}

ln 2

)_{0.4} < m_k ln^2 2

(ln p_{m+1})^{0.4}

So, putting everything together, we get

lb d(n^′) < k−1∑ i=1 π(p_{mi} ) lb(1+ 1 i ) + π(p_{mk} )( √ ln p_m ln^2 2

− lb k)

and finally together with the lower bound and p_{mi} ∼ p^{lb 1+1i}m +O(1) p^{12 lb 1+1i}m lnp_m we arrive at

lb d(n) ∼ k−1∑ i=1 lb(1+ 1 i )π(p^{lb 1+1i}m ) + O( √ ln p_m π(p^{lb 1+1k}m )) + O(π(p^{12 lb 32}m lnp_m))

Because for k > √ 6 + 2 yields lb(1 +^1_k ) <^1_2 lb^3_2 , we lastly have

lb d(n) ∼ 4∑ i=1 lb(1+ 1 i )π(p^{lb 1+1i}m ) + O(p^{12 lb 32}m ) � Corollary 3

n ∈ HCN : lb d(n) ∼ Li(ln n) + 1 lb^3_2 ln^{lb 32} n ln^2 ln n

+ O( √ n ln n)

Next, two conjectures follow about the order of appearance of the first respectively last Highly composite number for fixed largest prime p_m.

Conjecture 5

∀ k ∈ N ∀ n ∈ HCN ∃ n^′ ∈ HCN : n^′ > n , m_k(n^′) = m_k(n)+1 ∀ k ∈ N ∀ n ∈ HCN, m_k(n)>0 ∃ n^′ ∈ HCN : n^′ < n , m_k(n^′) = m_k(n)−1

Worded differently: if there is a HCN containing p^k_i then there will be a larger HCN with p^k_{i+1} and, supposed i>0, there is a smaller HCN containing p^k_{i−1} .

Conjecture 6 Let n^′, n^∗ ∈ HCN and d(n^∗) > 2d(n^′) . Then holds with n ∈ HCN

∀ n ∈ ]n^′, n^∗] : m(n) > m(n^′) ⇒ ∀ n > n^′ : m(n) > m(n^′) .

Some remarks to the two previous conjectures: given a fixed maximal prime index m then it seems highly evident, that the smallest HCN with this m equals always another HCN with largest prime index m − 1 multiplyed by p_m, and similarily, the largest HCN with this m is always a different HCN with the same prime index m multiplyed by a prime smaller p_m. This last observation would even imply the validity of the last conjecture for the bound d(n^∗) > 1.5 d(n^′).

Now let us give some simple upper and lower bounds on d(n) with Theorem 9

∀ n ∈ HCN : 2^{m(n)} ≤ d(n) ≤ e^{m(n)}

Proof: The lower bound follows trivially from d(n) =

∏_m i=1(e_i + 1) ≥ 2^m. �

Theorem 10

∀ x ∈ [1, 2^{40}[ \ {1421, 1422} ⊂ R^+ : x − 2 √ x < ∑ p≤x p∈P ln p ≤ x − 1 4 √ x

∀ x ∈ [1, 2^{40}[ ⊂ P : x − 28 15 √ x < ∑ p≤x p∈P ln p ≤ x − 1 4 √ x

Corollary 4 ∀ n ∈ HCN with ln n < 2^{40} :

p_m − 28 15 √ p_m < m∑ i=1 ln p_i ≤ m∑ i=1 e_i ln p_i −

m_2∑

i=1 ln p_i = ln n − p_{m2} + 28 15 √ p_{m2} (6)

By inspecting all HCN with ln n < 10^4 we conjecture that holds Conjecture 7

∀ n ∈ HCN with n > 55440 : p_m < ln n

∀ n ∈ HCN with n > 43243200 : m_1 − m_2 ≥ 4 ∀ n ∈ HCN with ln n > 85.92 : m_2 > m_3

Some bounds on p_{m1} , p_{m2} , p_{m3} follow which hold for every HCN:

m_2 > m_3 ⇒ p_{m2} p_{m3} ≤ p_{m1+1} and p_{m1} ≤ p_{m2+1} p_{m3+1} (7)

p_{m2} p_{m2−1} p_{m2−2} < p_{m1+1} p_{m1+2} p_{m2} p_{m2−1} < p_{m3+1} p_{m3+2} p_{m3+3} p_{m2} p_{m2−1} p_{m2−2} p_{m2−3} p_{m2−4} < p_{m1+1} p_{m1+2} p_{m1+3} The bound (7) is particular useful because of its sharpeness. I implemented an algorithm to generate all Highly composite numbers up to a given upper limit. Mainly, the algorithm checks the exponent range given by (1) where p_m is bound from above by (6) and insure the validity of (7). To avoid the usage of very time-expensive arbitrary precision integer calculations, all the HCN were handled with their logarithm value. The useful representation

lb n = m∑ i=1 e_i lb p_i =

e_1∑

k=1 m_k∑

i=1 lb p_i = e_1 −e_2 +

e_2∑

k=1 m_k∑

i=1 lb p_i

shows that we need for any HCN at most e_2 + 1 additions to calculate lb n given already the sums of the logarithm up to any prime. To ensure the necessary precision of these non-integer values, all the calculations involving the logarithms were done using interval arithmetic.

Define Q(x) := |{n ≤ x : n ∈ HCN}|. Then one knows that asymptotically holds ∃ c_1, c_2 ∈ R^+ : ln^{1+c1} x < Q(x) < ln^{1+c1+c2} x

from the work of Erdös [1] and Nicholas [7].

To get a feeling of the fluctuations of Q(x) — which are due to the fluctuations in the sequence of prime numbers —, we make the transformation z = ln x and plot^{Q(ez)}_{z ln2 z} for z ∈ [100, 10^7]:

Notice that the ordinate has a logarithmic scale! To “average” the function Q(z), we define the average number of HCNs below a given e^z to be q(z) =^1_z

∫_z 0 Q(e^t) dt. Because Q(z) is a staircase function this may be writen as q(ln n_k) = 1 ln n_k k∑ i=1 i ln n_i n_{i−1}

= k − 1 ln n_k k−1∑ i=0 ln n_i with n_i ∈ HCN

if we agree on n_0 = 1. If we expect asymptotically Q(x) ≈ f(x) ln^c x then we will expect q(ln n_k) ≈^k_{1+c} , provided f(x) ∼ o(ln x). Next follows the diagram showing^k_{q(ln nk)} versus ln x:

References

[1] L. Alaoglu, P. Erdös, On Highly Composite and Similar Numbers, Trans.

Amer. Math. Soc. 56 (1944) 448–469.

[2] Srinivasa Ramanujan, Collected Papers of Srinivasa Ramanujan, Editors:

G. H. Hardy, S. Aiyar, P. Venkatesvara, and B. M. Wilson, Chap. 15, Highly Composite Numbers, Cambridge Univ. Press (1927), 78–128.

[3] Srinivasa Ramanujan, Highly composite numbers, Proc. London Math.

Soc., Ser. 2 14 (1915), 347–409.

[4] R. C. Baker and G. Harman, The difference between consecutive primes, Proc. London Math. Soc. III, Ser. 72 2 (1996) 261–280.

[5] H. Cramèr, On the order of magnitude of difference between consecutive prime numbers, Acta Arith. 2, (1937), 23–46.

[6] H. von Mangoldt, Zu Riemann’s Abhandlung ,,Über die Anzahl . . .”, Crelles J., 114, (1895), 255–305.

[7] J.-L. Nicholas, Ramanujan Revisited, in Proc. of the Centenary Conference, Editors: G. E. Andrews, B. C. Berndt, and R. A. Rankin, Boston MA, Academic Press (1988), 215–244.

[8] Marek Wolf, Some conjectures on the gaps between consecutive primes,

http://www.ift.uni.wroc.pl/~mwolf/conjectures.ps.gz

last significantly changed: 2012–08–13 22:05 UTC+2