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Abstract

We shall show that the polymodal Sahlqgvist logics corresponding to a
set of Horn formulae have interpolation.

1 Introduction

This paper has been sparkefd loy a recent result by Rajeev Goand Séphane
Demri that all grammar logics have interpolation.gfammar logic is a modal
logic axiomatized by axioms of the foraf p — O; p, whereo is a string of modal
operators. In this paper | show that this holds of a wider class of logics, those
which are determined by a set of Sahlqvist formulae that are also Horn formulae.

2 Definitions

Notation and terminology is as iri]. Our language is that of polymodal logic

with any setB of basic modalities. We write <>I—> y in place ofx R(Oj) v,
and extend this to compound modalities. Compound modalities are here simply
sequences = ig;iq; -+ ;ip-1 Wherei; € Bforalli < p. Thus,x RO” y is syn-

onymousx <>U—> y. Sahlgvist logics determine first-order conditions on frames. We



shall be interested in a very specific class. Recall that first-order Sahlqvist formu-
lae have the following form. They are formed from atomic or constant formulae
usingA, Vv and restricted existential and universal quantifiers such that at least one
variable in every matrix condition is quantified by a universal quantifier that is not
in the scope of an existential. In this paper we are interested in logics whose class
of frames is characterised by sets of formulae that are both Sahlqvist and Horn
formulae. It is not hard to see the following. We first do a first-order character-
isation and then proceed to a modal version. Call a formutaeaformula if it

is formed fromT using A and restricted existentials. Model theoretically such a
formulay is satisfiable in a framdti T (y) is embeddable wherE is defined from

the formula by induction as follows. (8)(y) is a one-point tree (the relation is
empty), (b)T(¢x) is obtained by adding a node at the bottom of the tree to be the
new root, (C)T (x A x’) is obtained by fusing the two roots ®{y) andT (y’).

Lemma 1 A Sahlqvist formula is a Horn formulgit is formed from any number
of tree formulae and a single matrix X(®) y usingA and restricted universal
quantifiers.

For a proof notice the following. A Horn formula has the form

1 &=\ a—B)
I<n
whereq;, i < n, andg are atomic. In order to convert this Sahlqgvist form, the
must be restrictors of the variables, since they are negative. Hence they have the
formw R(O;) w', wherew’ does not occur to the right &(0;) in any of thew; (but
it may occur to the left). Hence, say that immediately depends onw if there
is ani such thaty;, = w R(O;) w for somew, w andj € B; let dependencybe the
transitive closure of immediate dependency. Then dependency is a tree order with
root Xo. Now, letg = x R(O;) y. LetX = Xo--- Xp_1. Let X be the set of variables
on whichx dependsyY the set of variables on whighdependspD := XN Y. Let
the variables be numbered such tfat Y = Xg - - - X4-1. Then

@ =% %)@ %1 \ @) = xR@)Y)

i<n
Now picki < n. @ = w R(O;) w. Two choices ariseCase 1.w' € XU Y. Then
alsow € XUY. In this caseg; can be moved outside the scope of the existentials.
Moreover,w is bound by a universal quantifier, anglis its restrictor. Case 2.
w ¢ XUY. Thenw is bound by an existential, angl is its restrictor. This shows
the claim.



We call a Sahlgvist Horn formulaure if it does not use any tree formula;
equivalently XU'Y = Xg- - - Xp_1.

Definition 2 Call L a Horn logic if it is Sahlgvist and determines a condition on
its frames that is characterised by a set of Horn sentences.

This class includes the following axioms: reflexivity, transitivity, symmetry, tense
axioms, and grammar logics. All these formulae are also pure. The theorem below
therefore generalises a theorem givefilih

Using compound modalities, pure Sahlgvist Horn formulae can be defined as
follows. They have the form

(3) (nyZV\)((X&L)y/\y(;;Z/\yO;W)—>W<>I—>Z)
with p, o- andr are sequences. The corresponding Sahlqvist formula is as follows.
(4) 0"(67p — 070ip)

We use an alternate of this formula, obtained by replapibg — and eliminating
negations:

(5) ’(¢'mip — 0’ p)

We shall also call such modal formulae Horn formulae. The general case of a
Sahlqvist Horn formula is as follows. Say that a constant formula a tree
formula if it is constant and uses ondyand¢;, i € B. Now, in addition to ordinary
boxes allow also the use cnfj which are defined as foIIowm’J?go =0k - ¢

and call thesdree restricted basic modalities Extend the notion of compound
modality to include tree restricted basic modalities. Then (4) and (5) can be used
verbatim.

3 The Main Theorem

Theorem 3 Modal Sahlqgvist Horn logics have interpolation.

We use the method of constructive reduction. Lée Sahlqvist Horn. Recall that
there is a functiorX_(A) such that

(6) A XL(A ) e @ o Ar g
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and for allA: var(X,(A)) € var(A). Also, the sets can be chosen finitéjfbut we
do not assume tha¢ (A) is finite. Moreover, ifX_ has the property

(7) Xi(p;0) = XL(p) U XL(6)

then L has interpolation. We shall show that a functi¥n satisfying (7) can
be found. The proof is simple. Suppogetr, . Theng; X (¢;¥) . ¥,
and sog; X (¢); XL(¥) rk w. Now, eitherX (¢) and X_(y) are already finite
or else we may at this point choose finite subsets of them and continue with
those in place of the original sets. From this we geX, (¢) +k A XL(¥) — v.
Now, varf; X, (¢)) = var(p) and var(\ X.(¥) — ¥). K has interpolation, and
so there exists & such that valf) C var(p) N var() and¢; X (¢) rk x and
x Fk A\ XL(¥) — . From this we gep; X, (¢) FL xy andy +. A X (¥) — . Since
X_(A) is a set of theorems @f, ¢ +_ y as well agy + .

Let A be given. We know that has a model based on a frame which is a tree
of depth bounded by the modal depthAf Let this tree bet = (T, R) with root
Wp.

Lemma 4 Let L be a Sahlgvist Horn logic. For every Kripke—fraitMg R) there
is a least R 2 R such thatW, R") is an L—frame.

Proof. Clearly, the elementary axioms do not ask for the addition of new points;
rather, they ask for the introduction of new relations between points. It is easy to
define a function on the set of all functioBs— W? such that ifR does not yet
satisfy the axioms, thefh(R) consists in the addition of a single transition that is
forced by the axioms. TheR" is defined either as the limit of"(R), or as the
intersection of allf—closed sets. ]

So, the process of adding relations is iterative. Notice that the Horn formulae
say something like this: there is a tr€esuch that if this tree is embeddable into
the frame then one additional relation obtains. Suppose that we start with a tree
To. Then the first set of consequences are derived from embeddingp Ty
and then adding the new relations. This giigs which may embed in more
ways, yielding additional patterns. This can be flattened into a single operation
by closing the Horn formulae under derivability. This will mean that there is no
easy way to choose a finite reduction set, but this is actually of no relevance for
interpolation.

At this point it is perhaps instructive to see why pure Sahlqvist Horn formulae
are not suitable for the proof (and why we have to move to the more complex

Sahlqvist Horn formulae). Lef; = (Yxy2((x <>—> Yy A X <>—> 2 — (y <>—> 2),

4



5> = (Yxy)(x <§i> y — X <>C—> y) andédz = (Yxy)(x <>C—> y—y <>C—> X). Let the
b b
following tree be givenwy <>a—> Wy &= W, Wo O— Ws. Then, usings; we get
C C C

Wy O— Ws, USINgds we getws &— W, and finally throughs, we getw, &— Ws.
Now, if the nodew, had not been there, we would not have to add the transition

W, <>C—> W,. Whether or notv, <>C—> W, depends not only on the path between them

b
but also on the existence of some additional path, hhgre— ws.
Now we enter the definition oX,. First, letH be the set of all Sahlgvist Horn
formulae valid inL. We assumg € H to be of the form (5). Now set

(8) XL (A) :={0°(0'O;6 — 07¢) : O € SF(A),0’(0'aip — 07p) € H}

This set has the property (7). (Far € Sf(p; 9) iff 06 € Sf(p) or ié € Sf(5).)
We have to show that it also satisfies (6). The direction from left to right is clear.
Therefore, assume

9) A XL(A; @) Bk @
Then there is a fram@\, R) such that
(10) (W R Wo,8) E A; XL(A; ¢); ~¢

Let R’ be defined as followsR" is the set of all transitions <>|—> z such that the
following is satisfied:
(11) Wb Yy oo Zy oo w

Clearly, these transitions must be added in order to satisfy the first—order condi-
tion. Also, it is enough to add those, since these are all the transitions that can be
deduced to exist. We show by induction pr Sf(A; ¢) that

(12) WRB 2y & WR.B2Ey

There is only one problematic case, namebly 0i6. (<) is clear. &). So assume
that we have

(13) (WRB,2 k06
Pickw such thaz R’(g;) w. Two cases arise Ro;) wand so alreadW[ R, 5, w).

The second case is when the transiiio{)|—> w has been added. By assumption
this is the case becaudd/ R) satisfies

(14) WO Yy oo Zy oo W



wherep, o andr are sequences of tree restricted basic modalities. This means
that

(15) (W.R,B,Wo) £ OF(070j6 — 0O76)

From this we get

(16)  (WRABy)Fo'mié — 0%

By assumption, sincyzo; zand(W,R , 2) £ O;0 we now have

17y  (WRBYy) kDO’

Now, sincey <§—> w, we must have

(18) WR,B,wW) E&

as required. It follows that for al such thatz R’(g;) w we have{W, R, B, W) & 6.
By induction hypothesisW,.R”,8,w) £ ¢, for all w such thatx R(g;) w, from
which(W,R”, 38, z) £ ;6. This concludes the proof. |
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