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Abstract

In this paper we will investigate the possibility of reducing derivability
in a modal consequence relation to consistency in unimodal and polymodal
K by means of so—called reduction functions. We will present new and easy
methods to prove standard results on decidability, complexity, finite model
property, interpolation and Halldén—completeness using only the reduction
functions. Some new results on complexity of modal logics will be estab-
lished. All proofs are in addition constructive.

1 Introduction

Proofs of the finite model property in modal logic typically proceed via the detour
of the canonical models or the weak canonical models, where the weak canoni-
cal models are based on finitely many sentence letters only. The alternatives to
this method, tableaux methods or normal forms, do not seem to be as flexible as
the methods designed to produce finite models from the canonical model. Yet,
canonical models too have disadvantages. They are highly abstract structures.
Moreover, even when it is finite (for example when the logic determines a locally
finite variety) it may be the case that the structure of a weak canonical model or
the structure of a finitely generated free algebra cannot be determined if the logic
is undecidable. So, this method of proof is highly inconstructive. This is not only
a theoretical disadvantage. Typically, explicit solutions are easier to understand.
Tableau systems can be used quite effectively for the standard systems. However,
tableau calculi for many logics extending K are often rather ad—hoc. They use a
mixture of closure rules (rules to be applied at a particular world) and step rules
(rules to be applied when moving to a successor).



The present paper presents a combinatorial method that uses only the reduction
of provability in a stronger system into provability of a weaker system. Though
the proof of the success of the method typically involves model theoretic argu-
ments, it is nevertheless finitistic. Its advantages are manifold. It is constructive,
explicit, and yields proofs of the finite model property, decidability, complexity
and interpolation, to name a few. Once the reduction of one logic M to a weaker
logic L is shown, many properties of L are shown to transfer to M with no addi-
tional effort. The proof of interpolation, for example, is so simple that it reduces
interpolation of the standard systems to a mere corollary of the method. (Compare
this, for example, with the criterion developed in [14], which is difficult to state let
alone apply.) This method is not new. It has been used, for example, by Balbiani
and Herzig in [1] and De Giacomo in [5]. However, what is new is the systematic
study of the method, and the observation that it can be used for much more than
just the proof of finite model property.

I should say here that not everything presented here is new. In particular,
most of the results of Sections 3, 5 and 6 have been anticipated in [7], though
usually not in as general a form as they appear here. The results of Section 4
are, however, entirely new. Moreover, in an appendix we show how to give a
completely constructive proof of a well-known theorem by Kit Fine on subframe
logics. It is based on the ideas outlined here. Finally, I wish to thank Stefan Baier
for his help with number theory and an anonymous referee for useful comments.

2 Preliminaries

We consider the language of modal logic with any number of unary modal oper-
ators. The vocabulary consists of a set of variables, V := {p; : i € w}, and the
functors L, =, A and [J;, i < k. Here « is a cardinal number. If « = 1 we will write
L] rather than []y. Formulae are built in the usual way; we use lower case Greek
letters (¢, ¥, ...) to denote formulae, and upper case Greek letters (A, I, ...) to
denote sets of formulae. We use the standard notation A; ¢ to denote A U {¢} and
;¥ for {¢} U {¢}. The following symbols, also frequently used, are treated as
abbreviations:

T = =l
eV = a(mp AY)
ey = (e A-Y)
peoy = (oY AWY -9



var(y) denotes the set of variables occurring in ¢ and sf(¢) the set of subformulae
of ¢. The notation var[A] and sf[A] are self—explanatory. (We remark here that if
f is a function, and X a subset of the domain of f we write f[X] := {f(x) : x € X}.)
The modal depth, dp(yp) is defined as follows.

dp(p;) = 0

dp(L) = 0

dp(—¢) = dp(p)

dp(e AN) = max{dp(e),dp()}
dp(Tjp) = 1+dp(p)

The set of all formulae is denoted by JF,. A substitution is a function o : V — F,.
The effect of applying o to ¢ (A) is denoted by ¢ (A7).
A consequence relation is a relation + C p(§,) X §, such that

1. If o € Athen A + ¢.
2. f Arpand A C A’ then A" + ¢.
3. f Argforall g € Xand X + ¢ then A + .

Fis structural if A + ¢ implies A7 + ¢ for every substitution o. + is finitary
if A + ¢ implies that there exists a finite Ay € A such that Ay + ¢. In sequel,
all consequence relations are finitary and structural. A rule is a pair p = (A, ¢),
where A C §, and ¢ € §,. p is finitary if A is finite. Examples of rules are MP :=
{po, po = p1}, p1) and MN; := ({po},d;po). Let R be a set of finitary rules. We
denote by +* the smallest finitary structural consequence relation containing R.
FR can be described as follows. Call an R—proof of ¢ from A a finite sequence

(6; : i < n) such that
1. 6,1_1 = .

2. Foralli < n, ¢; € A or there exists a subset X C {6, : j < i} such that (X, 6;)
1s a substitution instance of some element of R.

The following is stated without proof (see [7] for a complete proof).
Proposition 1 A R ¢ iff there exists an R—proof of ¢ from A.

We define a modal logic as a set of formulae. We assume that A is a set of formulae
which together with MP axiomatises classical propositional logic.



Definition 2 A normal k—modal logic is a subset L of §, which contains A,
the formulae U;j(py — p1) — (U;po — U;p1), and is closed under substitution,
and the rules MP and MN;, j < k. The smallest k—normal modal logic is denoted
by K,.

We shall denote modal logics in sequel by upper case Roman letters, for example
L, M etc. Moreover, we will often speak of the rule MN, by which we denote the
set of rules MN;, j < k. Now let L be a normal logic and A a set of formulae; the
smallest normal logic containing L and A is denoted by L & A. (With particular
axioms such as 4, T etc. the notation L.A is also used.) The notions of frame and
general frame are as usual. A general frame is a triple § = (F, R, U), where F is
a set, R a function from « into subsets of F?, and U C p(F) closed under relative
complement, intersection and the operations 7;(A) := {y : if y R(j) x then x € A},
J < k. We shall write <1; or «; (with or without the index, when no confusion
arises) to denote R(j). If U = p(F) we call § a Kripke—frame and suppress men-
tioning U. A valuation into § is a function 8 : V — U. A triple 9 = (§,B, x)
where § is a frame, § a valuation into § and x € F is called a local model, the
pair N = (§,B) a global model. In case, where M = (§,B, x) and N = (§,H), M
is a local expansion of 1. Given a local model 9t = (§, 3, x) and a formula ¢, we
define 9N | ¢ as follows.

1. ME L

2. ME - iff ME @.

3. MEeAY It MEpand M E ¢'.

4. M = Oje iff for all y such that x R(j) y: (§.5,y) F ¢.

M is a (local) L-model, if 9 = L. We define N E ¢ iff M | ¢ for all local
extensions 91 of .

Let + be a consequence relation. Then we put Taut(r) := {¢ : T  ¢}. We call
+ a normal modal consequence relation if Taut(+) is a normal modal logic. We
associate with a normal logic L two special consequence relations, denoted by +,
and IF;. The first is called the local consequence relation of L and is defined as
follows. A rp ¢ iff ¢ is derivable from A U L by means of MP. |-, is called the
global consequence relation of L and A |-, ¢ iff ¢ can be derived from A U L by
means of MP and MN. (These consequence relations are not necessarily distinct.
In fact, they are equal iff py — U;py € L for all j < «.) A (global) L-proof of ¢
from A is a proof of ¢ from A U L using MP (MP and MN).
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The following is a consequence of the general completeness theorem of modal
logic (with respect to general frames). We shall not prove it here, since it will not
be used in sequel.

Proposition 3 Let L be a normal modal logic. Then the following holds.
1. A vy giffforall local L-models : if M = A then N E .
2. AlFp @ iff for all global L-models : if N | A then N = .

We will also make use of the notion of a compound modality. A compound
modality is a term in one variable, built up using only A and [1;. Examples are
Uopo, po A Uy po, Ui0op; etc. Compound modalities behave like unary modal
operators. We use HH as a variable over compound modalities. Now let o € * be a
finite sequence of elements of k. We define inductively the symbol [1” as follows.
(Here, € is the empty sequence.)

L= 9
77 = 0%

Finally, for a set § C «* we put
Py :={0%:0€eS)

Generally, we use the convention that a finite set of formulae A also denotes the
conjunction A A. Hence, if S is finite we also have

D = /\(D”gp o €S)
The following is easy to verify.

Proposition 4 Let H be a compound modality of F,. Then there exists a finite set
S C k" such that Bp & S p € K,.

Fix a normal modal logic L. Let A be a set of formulae. We wish to describe the
sets A = {o 1 A+ @), AY = {p : A -, ¢} as well as the set L @ A. In the
first case we have to close under MP, in the second under MP and MN and in the
third under MP, the rule MN and substitution. It turns out that these closures can
be obtained in a canonical and simple way. Denote by A® the closure of A under
substitution, by A” the closure of A under MP, and by A" the closure of A under
MN.



Proposition 5 The following holds.
1. Avp@iffoe (AU L)Y
2. Al @iffee (A"ULY
3. oeLdAiffpe((A)'UL)Y?

Proof. The first is immediate from the definition. The second follows from the fact
that applications of MN; can be put before all applications of MP. Moreover, L is
closed under MN. The third fact follows from the fact that substitutions commute
with MN; and MP (and that L is closed under MN; and substitutions). We shall
show this now. The proof is based on the notion of a proof tree (rather than a
sequence).

Consider an application of MN; which follows an application of MP as in the
left hand side below. There is an alternative proof of L1/ in which the order is
reversed. This proof is shown to the right.

o oY B
Y 7 O = ¥) O = y) - O - Oy
J

Uy

It is readily computed that the depth of the application of MN; is reduced. A
proper inductive argument will establish that each proof can be transformed into
a proof where all applications of MN; precede all applications of MP. It follows
that we have A +; ¢ iff ¢ € (AU L)")? = (A" U L")? = (A" U L)?. For the rules
MN are unary and so (AU L)" = A" U L". L" = L, since L is normal.

Next we look at substitution. It is easy to show that each application of sub-
stitution can be moved up in the proof tree, so that the proof can be arranged
in such a way that all applications of substitution precede all applications of
MN, which in turn precede all applications of MP. Therefore, ¢ € L & A iff
@ € (A" U (L*)")P = ((A*)" U L)?, by similar arguments. ]

3 Global Reduction and Local Reduction

Let L and M be normal modal logics and L € M. Then also Ik, C I,,. Moreover,
M = L @ X for some set of formulae 2. Then the following is easily shown.



Lemma 6 Suppose that M = L & X and A &y ¢. Then there exists a finite set
E C XF such that A; E I .

Proof. We use Proposition 5. M = (LU (Z°)")?. Now A Ik, piff ¢ € (A" U M)? iff
pe(A"UE)'ULYiff p € (AUZH)"UL)Y iff A; E Ik, ¢ for some finite E C X°.
OJ

Of course, = depends on A and ¢. Therefore, we regard E as a function X
mapping sets of formulae to sets of theorems of M. (More precisely, we should
construct X as a function from pairs (A, ¢) to sets of formulae. However, in prac-
tice it is enough to assume X to be a function that takes the set A; ¢ rather than
the pair (A, ¢) as its argument. Nothing of substance is lost.) We can also assume
that the variables occurring in X(A) are also variables of A. For let o be a sub-
stitution such that o(p) := p if p occurs in A or ¢ and o(p) := L else. Then if
A; X(A; ) IFL @ then also A7; X(A; )7 Ik @7, which is A; X(A; @) Ik, ¢. Since
X(A) C 2%, also X(A; )7 C X°.

Proposition 7 Let M = L & X. Then there exists a function X : 9(F,) — X° such
that

1. X(A; ) is finite for any A.
2. var[X(A)] C var[A]
3. Alby o iff A X(A; ) IFL .
Such a function is called a global reduction function of M to L.

Definition 8 Letr L be a normal modal logic. L is globally decidable if there is
an algorithm computing the answer of the problem ‘A |-, ¢’. L has the global
finite model property if A - ¢ iff for all finite global L-models N: if N E A
then N ¢.

The following is known as Harrop’s Theorem.

Proposition 9 Let L be a a finitely axiomatizable logic. If L has the (global) finite
model property is also (globally) decidable.

Proof. Since L is finitely axiomatizable, its set of theorems is recursively enumer-
able. Its set of nontheorems is enumerated as follows. Since L is finitely axiomati-
zable, there is a procedure to check whether a finite Kripke—frame is an L—frame.



Thus the set of L-frames is also recursively enumerable. It is now straightforward

to see that the set of local models is r. e. and thus the set of nontheorems. U
For the purpose of the next definition a function from sets to finite sets is

computable if its restriction to the set of finite sets is a computable function.

Definition 10 Let M and L be normal modal logics. M is globally construc-
tiwvely reducible to L if there exists a computable global reduction function of
M to L.

Proposition 11 Suppose that L is globally decidable and M is globally construc-
tively reducible to L. Then M is globally decidable as well.

Proof. Let A and ¢ be given. We describe an algorithm for deciding ‘A Iy, ¢’.

First, compute X(A; ¢) and then compute the answer to the problem ‘A; X(A; @) Ik

¢’. This is decidable by assumption. The answer to the latter is the answer to the

problem ‘A Ik, ¢’. 0
From this theorem the following can be deduced.

Proposition 12 Suppose that L is globally decidable. Then there exists a com-
putable global reduction function to any logic contained in L.

Proof. Let M C L, A and ¢ be given. We have an algorithm deciding whether or
not A I, ¢. Suppose that A I, ¢ does not hold. Then put X(A; ¢) := &. Then
clearly A; X(A; @) Iy ¢ also does not hold. Suppose now that A |-, ¢ holds.
Then start enumerating all global L—proofs starting with A. (This is possible since
L is decidable. For a global L—proof is a sequence such that every element is
either a member of A, which is decidable since A is finite, a member of L, which
is decidable by the decidability of L, of follows from previous members of the
sequence by application of MN or MP.) There is a proof II for ¢ in this list. Let
X(A; @) be the set of all y € L occurring in II. Then II is a proof of ¢ from
A; X(A; ) using MN and MP. Hence A; X(A; @) Iy . O

Hence, the mere existence of computable global reduction functions is not an
exciting fact. More interesting are the upper bounds for the size of such sets.
Notice that in the previous theorem M could even be a globally undecidable logic.

Theorem 13 Let M be an extension of L by means of finitely many variable free
formulae. Then M is globally constructively reducible to L.

Proof. By assumption, M = L @ X for some finite set £ of constant formulae.
Notice that M = (L U X)"? = (L U X")?, since X is closed under substitution. Put
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X(A;¢) := X. Then we have A I, ¢ iff there is a global proof of  from A U M
iff there is a global proof of ¢ from A U L U X iff there is a global proof of  from
AUX(A ) U Liff A; X(A; ) I . O
Notice that the theorem is false if X is infinite. For there exists an infinite set
C of independent constant formulae over K. Let £ be a nonrecursive subset of C.
Then K @ X is globally undecidable, as is easily seen.
Consider the following functions.

X4(A) = {Uy — U0y : Oy € sf[A]}

Xr(Ad) = {Uy —x: Uy esflAl

Xp(Ad) = {=x - U-Uy : Uy e sf[Al

Xe(d) = {0y — -U@ Vv -Uy) : Uy € sf[A]}

Xer(A) = {=Uy - -0 v -UQ — Uy) : Uy € sf[A]}
Xaun(A) = {=Uy — U=y : Uy € sf[AD

The reader may check that the formulae are indeed axioms. We give proofs of the
fact that these are reduction functions to K.

Theorem 14 Suppose that L has the global finite model property and that the
class of finite L—frames is closed under replacement of < by its transitive closure.
Then X, is a global reduction function of L.4 to L. In particular, X, is a global
reduction function of K4 to K.

Proof. We have to show that
AlFrae © AXy(Asp) L@

From right to left is straightforward. From left to right, assume A; X4(A; @) IF ¢
is not the case. Then there exists a finite L-model (§, 8, x), § = (F, <) such that
&8 E A; Xu(A; ) but (5,8, x) F ¢. Let « be the transitive closure of <1 and
§* 1= (F, €). By assumption on L, §* is a L-frame. (F, <€) is transitive; therefore
§*is a L.4—frame. We show that for all subformulae y of A or ¢ and all worlds y

() (F,4.B8nEx © (FLBy)Ex

This then establishes (F, «,8) E A and (F, 4,3, x) E —¢. We show () by in-
duction on y. For variables there is nothing to show. The steps for — and A are
straightforward. Now let y = Ly’. Assume (F, «,53,y) # Ly’. Then there is a z
such that y « zand (F, «, 3, z) E —x’. By induction hypothesis, (F, <,8,2) E —x’.
By definition of « there is achainy = yo<1y; <...<y, = z. Now (F, <,5,v,-1) E
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-Ly'. If n — 1 > 0 then (F, <, B, y,—2) E —~UUy’. Since Uy’ — UL € Xy4(A; ¢)
and (F, <,B,v.—2) E X4(A;¢) we must have (F, <,8,y,-,) F —Uy’. Iterating
this argument we get (F, <,B,y) E —-Uy’. So, (F,<,B,y) # Ly’. Clearly, if
(F,<,B,y) ¥ Ly’ then (F, «,8,y) # LY/, since < C «. O

Theorem 15 Suppose that L has the global finite model property and that the
class of finite L—frames is closed under replacement of <1 by its reflexive closure.
Then Xt is a global reduction function of L. T to L. In particular, X7 is a global
reduction function of K.T to K.

Proof. Suppose that we have an M—frame § = (F, <) and (§,8) E X7(A; ). Let
ST be obtained by replacing < by its reflexive closure, «. By definition, §7 £ M
and so §7 £ M.T. By induction on the set sf[A; ¢] we show that for all w in the
transit of x

@ .Bw) E x Ad &.8:w) Fx

The only critical step is y = [Jr. From left to right this follows from the fact that
if x <y then also x <« y. For the other direction, assume we have (§7, 5, w) ¥ Or.
Then there is a v such that w <« v and (F7,5,v) E -1. If v # w, we are done
for then also w <1 v. So assume the only choice for v is v = w and that w <4 w.
Then we have (§, 8, w) E Ur. But (§,8,w) E Ut — 7, by choice of the reduction
function. Hence (§,B,w) E 7, and so by induction hypothesis (§7,8,w) E T,
which is a contradiction. So there always is a successor v # w. 0
The proof for B is as in Theorem 20, so we will omit it here. Clearly, the
reduction functions given above work also for polymodal logics under the condi-
tions stated for the logic and for <1, where < is replaced by any of the operators.
Furthermore, if X, is a reduction function from L, to L;, and X, is a reduction
function from L, to Ly then X, o X; is a reduction function from L, to Ly. So,
reductions may applied in succession. We apply this to the following theorem.

Definition 16 A x—modal logic L is called an RST—logic if L = K& A for some
AC{p—O;p,p—0;0;p,0;0; = Qjp:j<kl

Theorem 17 Let L be a finitely axiomatizable RST-logic Then L has the global
finite model property.

Proof. Apply the constructive reduction in iteration. Since there are no interaction
postulates for the operators, we may add the axioms for each operator indepen-
dently. For a single operator the result follows from the following observations.
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Let R be a relation. If R is reflexive, so is its symmetric closure and also its tran-
sitive closure. If R is reflexive and symmetric, so is its transitive closure. O

This result actually follow from the general transfer results of [8], but the
proof offered here is much simpler. Now we turn to G, Grz and alt,. Both G and
Grz are transitive logics. We will now show that the functions above establish a
reduction from L.G to L.K4 under certain conditions and a reduction from L.Grz
to L.S4 under certain analogous conditions. The first result is a generalization of
a theorem by Balbiani and Herzig in [1]. To state it in full generality, we shall
introduce the notion of a subframe logic. Let (F, R, U) be a k—frame, and G € U.
Then put S(j) := R(j)N F?,V :={A C F : A C U}. The pair (G, S, V) is called a
subframe of §. A logic L is a subframe logic if its class of frames is closed unter
taking subframes. By a well-known theorem of Fine [3], L has the finite model
property (but see also the appendix for a proof using constructive reduction). The
following is proved without this assumption, however.

Theorem 18 Let L 2 K be a subframe logic with the finite model property.
Assume that the class of finite L-Kripke frames is closed under replacement of a
reflexive point by an irreflexive point. Then Xg is a global constructive reduction
of L.G to L. In particular, it is a global constructive construction of G to K.

Proof. Notice that L is transitive, so we only need to consider reductions where
the antecedent is identical to T. From this follows the global finite model property
of L. Put "¢ := ¢ A Lg. Now let § be a finite transitive frame and

(&.B.wo) F @; 0" {=0y — =0 v =Oy) : Oy € sf(p)} .

Now, pick points from the frame as follows. Put S := {wy}. The sets S, are now
defined inductively. Let x € S, and Uy € sf(¢) such that (§, 3, x) ¥ Ly, and no
successor of x in §, — {wy} exists such that (§,5,y) E —x. Then, by assumption
on the reduction function, (§,8, x) E O(=x A Oy). Hence there exists an X such
that x E —y;Oy. (Moreover, if x = wy, then X # wy. For X is irreflexive, and
so wo <1 x implies wy # x.) It follows that X is irreflexive. Put S, := S, U {x}.
The selection ends after some steps, since F is finite. Call the resulting set G.
Let <9 := <N (G x G) — {{wy,wp)}. Then put & := (G, <1%). (Alternatively,
we might simply take & to be the subframe consisting of wy and all irreflexive
points from §, with the transition wy — wy being removed.) & is transitive and
irreflexive, hence it is a frame for G. Since L is a subframe logic and closed under
changing a reflexive point into an irreflexive point, & is also a frame for L. Put
v(p) := B(p) N G. We now show that for every subformula ¢ of ¢ and every point
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y € G,(8,y,y) E ¢ iff (§,B,y) E . This holds for variables by construction,
and the steps —, A are straightforward. Now suppose (&, y,y) ¥ Lly. Then also
S,B,y) ¥ Uy. Conversely, suppose that (§,85,y) ¥ Uy, for some Uy € sf(¢).
Then also (&, 5,y) F Uy, since a successor z for y has been chosen such that
(3.B.2) E x; O—y. By induction hypothesis, (&, 7y, z) E x. Moreover, y < z. For
if y # wy this holds by definition of <1®. For y = w, observe that either wy <1t w,
and then z # wy, since z 4 z. From this follows wy <1 z. Or else, wy 4° wy, in
which case wy < z anyway. And so (&, y,y) ¥ Oy, as required. 0

Theorem 19 Let L be a subframe logic containing S4. Assume that L has the
finite model property. Then Xg,, is a constructive global reduction function of
L.Grzto L.

Proof. L has the (global) finite model property. Let (§,8, wy) a finite S4-model
such that

(F.8,wo) E @; 0" {=0y — =0 v =0O(¢ — Oy)) : Oy € sf(p)} .

(Here, again [1*¢ := ¢ Ap.) We select a subset G of F in the following way. We
start with the set S := {wp}. S,+1 is defined inductively as follows. Suppose x €
S, and (§, B, x) E -y, but no y exists in S, such that x<1y and (§, 8, y) E —x. We
choose a successor y of x such that y E —y; U(y — Uy) and put S,,; := 5, U {y}.
y exists by choice of the reduction function. Now the following holds. (Recall
that in S4—frames, sets of the form C(x) := {y : x <y < x} are called clusters. See
also Section 8.) (a) The entire cluster C(y) satisfies =y, (b) no point in a cluster
succeeding C(y) and different from C(y) satisfies y. This procedure comes to a halt
after finitely many steps. The resulting set is called G, and the subframe based on
it &. It is directly verified that G contains at most one point from each cluster.
(Moreover, the selection procedure produces a model whose depth is bounded by
the number of formulae in sf(¢) of the form L]y as can easily be seen.) So all
clusters have size 1. & is reflexive and transitive, being a subframe of §. So,
® is a Grz—frame. Since L is a subframe logic, & is a L-frame as well. Let
v(p) := B(p) N G. It is shown as in the previous proof that for every subformula
x of ¢ and every x € G, (&, vy, x) | y exactly when (§,8, x) E x. In particular,
(&, v,wp) E ¢. This concludes the proof. O

So far all the axioms have been unimodal. Here now is an example of a bi-
modal axiom. Axioms of this form are used to axiomatize tense logic. The axiom
of symmetry is also of this form (except that there is only one modality, not two).
If R is a binary relation, we shall write R~ to denote the converse of R, i. e. the set

{(v,x) : xRy}
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Theorem 20 Let L be a bimodal logic that has the global finite model property.
Assume that the class of finite L-Kripke frames is closed under passing from
(F, <, <1) to (F, <, <1 U <, ). Put

Xo1(A) = {=x — Up=Ux : Lox € sf[A]}
Then Xo, globally reduces L® p — UyOyp to L.
Proof. Let L(01) := L& p — Uy p. We show that

(€3] Alrrone  © @ Xo(Asy) I @

Let 9t = (§, 8, wo) be a local model where § = (F, <y, <) is a finite K,—frame such
that (§,8) E A; Xo1(A; ) and (§,B,wo) E —¢. Let €p:= < and «;:= < U <1OV.
Then (F, 4, «;) is a L(01)—frame, for it is a L—frame by assumption on L; and
<24, . Forall y € sf[A; ¢] we have

() (F, 4,4, Ex & (F<uw.B80Ex.

This is clear for variables; the steps for — and A are straightforward. Likewise
the step for y = [yr. Now let y = ;7. From left to right is clear. Now right
to left; assume (F, <4y, «€;,5,y) # ;7. Then there is a w such that y «; w
and (F, €y, €;,5,w) E —7. By induction hypothesis, (F, <y, <;,B8,w) E —-7. If
y <1 w, we are done; for then (F, <y, <1, 5,y) F L7 (= x). Otherwise w <y y. Now,
(F, <, <1, B8, w) | Uo=ly7, since (F, <, <1, 8, w) E Xo1(A; ¢). Thus (F, <9, <1, y)
=Uyt. So, (F, <9, <1, B, y) F U7. O

Before we prove some more results in this vein, let us indicate something
about the scope and the limits of this technique. Suppose that we have a postulate
that is elementary on all finite frames, and that the condition on finite frames is
a universal, positive restricted sentence. That is, it is of the form Vx.a(x) where
a(x) is made from statements x <1; y, j < , and x =y, using the connectives A
and V and

(Vy & 0B = (7y)(x <y = B

Then « is a Sahlqvist condition and corresponds to a modal formula ¢,. More
precisely, if @ = QX.®(X), where ® is quantifier free, we can define for each
disjunct ¢ of @ a formula y;s such that

o= =\ s

Here, o and the y; are formulae made from of variables using A, V and ¢, j < k.
Let @ not contain any occurrences of x = y. Then we can view the elementary
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property a as a closure condition on the accessibility relations. If a certain tree
can be mapped homomorphically into the frame, then some more relations must
hold. The tree is actually defined by the variables of the restricted quantifiers plus
the restrictions that apply to them. We call this the carrier tree of a. For example,
transitivity is (Vx)(Vy> x)(VzD>y)(x<1z). So, if the tree x<\y<Iz can be mapped into
the frame (not necessarily injectively) then x < z must obtain as well. Likewise
for alt;, which is (Vx)(Vy > x)(Vz > x)(y = z). If § and & are frame such that
F = G and QIS. c <1]Q.5 for all j < « then we say that & is an arrow extension of
$. We may define for a frame § the set C*(§) to be the set of all minimal arrow
extensions & of § such that & | (Vx)a(x). Then if L has the finite model property
and « is elementary on the finite frames, and it holds that for all finite L—frames
3§, CU(§) is a set of L—frames it seems that L & ¢, has the finite model property,
and that this can be shown by means of the global reduction sets.

We are not able to provide a proof for that claim, in fact we are not sure
whether the claim holds in full generality. However, it might be worthwile to
explain the idea of a proof that works quite well in many concrete cases. It is
roughly as follows. Take A and ¢ such that ¢ does not follow globally from A
in L ® ¢,. Define Y(A) to be the set of those instances of ¢,, where conjunction
of subformulae of A or their negations are substituted for the variables. This is a
finite set, and var[Y(A)] € var[A]. We need to show that if there is a L-model
M = (F,B) such that M E A;Y(e; A) but M ¥ ¢, then we define a closure
6 € C*(¥) in the following way. Suppose that the carrier tree of « is embeddable,
say x — w,. Then o can be made true at the root of the tree. Substitute for the
variable p, the conjunction of all subformulae of A; ¢ that are true at w, and the
conjunction of all negations of such formulae which are false at w,. (We call this
the atom of w,.) By force of Y(¢; A) there must be a disjunct u;s of ¢,, which
is true. It corresponds to a disjunct ¢ of the matrix of @. Hence, we add those
relations w, <1; w, for which x <I; y is a conjunct of 6. After having done so, we
need to show that for this newly created model 91! we have M! E A; Y(p; A), but
9! ¥ . (It is here that some more is needed to show this. We do not know how
to supply the details in the general case, but for many specific cases it works.) If
that is so, we continue the process so long as the « is still not satisfied. When we
are done, however, the resulting frame is a member of C*(§) and so a model for
L & ¢,, by assumption. Hence, it defines a global model form A in which ¢ is not
satisfied.

A case in point are in addition to 4, T, X(01) and B also the formulae (Vx)(Vy>;
x)(x <, y), corresponding to ¢;p — ¢ ;p. Furthermore, we may add to a k—modal
logic a new modality whose relation includes a given set S C « of relations and
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that is either transitive (we call it an S —master) or an equivalence relation (then it
is an S —universal modality, see [6]). Constructive reduction can be applied there
as well. Notice that the commutation axioms (;Q;p — ¢;0;p do not fall into
this class since they do not correspond to a universal formula. The just mentioned
axiom corresponds to (Yx)(Vy I>; y)(Vz I>; y)(Ju > x)(u <; z). Indeed, it is known
that the logic of three commuting S5—modalities is undecidable (this follows from
results in Gabbay and Shehtman [4]). Hence, since the logic S5 ® S5 ® S5 is an
RST-logic and therefore has the finite model property, it must be the commutation
axioms that lead to undecidability.

Another technique, that works especially well with subframe axioms is that of
dropping points from a model. In fact, we show in the Appending to this paper
that such a procedure can be used to show that all subframe logics containing
K4 have the finite model property. This constitutes a constructive proof of the
theorem by Fine ([3]). The proof is in fact quite involved, but not more complex
than the original one. Likewise, it is possible to show that alt,, if added to a
subframe logic with the (global) finite model property then the resulting logic has
the finite model property again and is a subframe logic. It is well known that all
subframe logics containing K.alt, have the local finite model property. Our result
is a strengthening for some logics. However, these techniques need to be handled
with care. We give the following negative example. Consider the monomodal
logic corresponding to the following first—order properties:

Vx,y,zw)(x =yVx=2zVy=72), Vx,y>w)VzD>w)(zD>xVz>yVx =Yy)

This logic is an extension of K.alt,. Its frame are such that any point has at most
two direct successors and at most three two—step successors. By encoding a tiling
problem, [15] has shown that this logic is globally undecidable. This shows that
we cannot strengthen the methods to all subframe logics.

4 Complexity

In this section we will discuss upper bounds on complexity of modal logics that
can be derived using the reduction functions. We will mainly deal with the global
complexity, since this is the easiest point of attack. From the global complexity,
one can also establish results on the local complexity (using the gl-reduction of
next section), but they tend to be far worse than the known bounds. For the results
on modal logic complexity we refer here generally to [15] and [2] and references
therein, though some specific references are also given below.
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Before we start, we have to discuss the notion of the length of a formula.
Standardly, the length of a formula is the number of symbols occurring in it. This
length is denoted here by |¢|. It is defined inductively as follows.

|| = 1

pil =1

=l = 1+1¢
loAYl = 1+l¢l+ Yl
IOjel == 1+]¢l

(The variable p; counts as one symbol, even though it would be more appropriate
to code the index by a bit sequence. However, we shall ignore this detail here.)
For a set A, put |A] := X calpl. The symbol count is however not always the
most economical way of writing down a formula, especially when A contains few
subformulae. This is the case with the formula sets we are dealing with here.
Therefore, we shall work with a different measure, in line with [2]. Namely, for a
set A of formulae we put

#(A) = card(sfIA])

To get acquainted with this measure, we shall note a few of its properties. The
following is proved by induction.

Lemma 21 Suppose that no formula occurs more than once in A. Then |A| = §(A).
Proposition 22 log,(|Al + 1) < #(A) < |A|. These bounds are sharp.

Proof. Clearly, #(A) < |A]l. Now suppose that A is a set of formulae such that every
variable and L occur at most once. Then it is not hard to see that each formula
occurs in A at most once, and in this case |A| = #(A) by the previous lemma. Now
we turn to the other inequality. It is clear that the maximum depth of the formulae
in A (in terms of their tree structure) provides a lower bound on the number of
subformulae, since no two formulae of different depth can be equal. A formula of
depth n can have up to 2" — 1 symbols, as is easily shown. So, n > log,(|A] - 1).
Now define the following formulae.

X1 = 41
Xn+l = XnAXn
Then #(y,) = n, but |y,| = 2" — 1. Thus, log,(lx.| + 1) = n = #(x,). O

Proposition 23 The following holds.
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~

Ao Np e Athen i(Aso AY) = H(A; @3 ¥).

2. Ifx@ € A, x € ([, : j <k} U {=), then H(A; #¢) = H(A; @).
3. fe = ) = H(=(p A =y)) = 3 + Hi(g; ¥).

4. He o) =Hie > AW > @) =T+ ).

5. H(ASA) = #(A) + #(A) — card(sf[A] N sfIA'D).

These claims are easy to prove, and we shall make tacit use of them in sequel. We
note now the following.

Proposition 24 Let Y be any of the reduction functions of the previous section.
Then for any set A, §(Y(A)) < cyf(A), where ¢y > 0 is a constant depending only
onY.

We verify this with X,. Take A. For any Ly € sf[A], X4(A) contains the additional
formula Ly — ULy, which is in fact =(Ly A =0U0y). Now

sf(Oy — O0y) = sf(x) U {=(0x A =00y), Oy A =00y, ~000y, D0y, Oy}

It follows that for each subformula of A, X(A) adds 5 more formulae. Hence
H(X4(A)) < 6H(A). (The reader may verify that | X4(A)| is quadratic in |A|.)

Definition 25 Let X is a function from finite sets of formulae to finite sets of for-
mulae. We say that X is linear (polynomial, exponential) if {(X(A)) < f(H(A))
for some linear (polynomial, exponential) function [ : w — w.

Definition 26 A logic L is globally NP (PSPACE, EXPTIME) if there ex-
ists a nondeterministic algorithm taking time polynomial in §(A; ¢) (a determinis-
tic algorithm taking space polynomialfexponential in $(A; ¢)) which computes the
answer to the problem ‘A - ¢’.

Similarly, L is globally NP-hard (globally PSPACE-hard etc.) if some problem
that is NP-complete (PSPACE—complete etc.) can be polynomially reduced to a
problem of the form ‘A -, ¢’.

Now suppose that we have a logic L which is Q-hard, where Q is any of
the three complexity classes. Let M be globally reducible to L by a linear re-
duction function X. Then the problem ‘A I, ¢’ is equivalent to the problem
‘A; X(A; ) I ¢, The latter takes O(B(A; ¢; X(A; ¢))) = O(A; @) time (space).
Hence, the space and time complexity does not rise.
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Theorem 27 Suppose that X is a linear global reduction function from L to M.
Then if M is globally NP (PSPACE, EXPTIME), so is L.

This method only gives an upper bound. In general, L can have much lower
complexity than M. A trivial example is the inconsistent logic. A more instructive
example is the following. SS is globally linearly reducible to K, by the results of
the preceding section. Yet, K is globally EXPTIME—complete while S5 is NP—
complete.

Corollary 28 The systems KB, KT, KBT, K/, G, S4, Grz are globally in
EXPTIME. Moreover, tense logic and RST-logics are in EXPTIME.

This is for the transitive logics mentioned in the theorem not the best possible
result. They are all PSPACE—complete. However, such a result would follow by
the same techniques, if only it is established that K4 is PSPACE—complete. This
last statement, however, has to be established independently. There is a possibility
to show this, namely using tableaux. It is known that K has a tableau calculus (for
local consistency) in which the branches have a linear length. Using this tableau
calculus one can establish the same property for K4. This means that validity can
be checked in polynomial space. The reduction sets can be used to show this. We
will not go into the details here. Suffice it to say that the length of branches in a
tableau can be bounded from above by a polynomial function (see [14] for some
tableau calculi for modal logics).

Now consider again the case where M is globally linearly reducible to L. Let
L’ be a logic such that L € L’ C M. Then M is globally linearly reducible to
L’ as well. Hence, the complexity class of M is also bounded from above by the
complexity class of L’. It follows that the complexity class of M is the minimum
over all complexity classes over the logics containing L and properly contained
in M. Moreover, if M is C-hard for some complexity class C, then all logics in
the interval [L, M] are C-hard. This allows to establish lower bounds for entire
intervals of logics, analogous to the result of Ladner ([10]) that all logics in [K, S4]
are locally PSPACE-hard. Unfortunately, using our methods we obtain the same
lower bound for global complexity of these logics, since S4 is globally PSPACE-
complete.

In analogy to Chagrov and Zakharyaschev we define the global complexity
function of a logic as follows.

Definition 29 Let M be a modal logic with the global finite model property. Let
fu be the following function. fy(n) = max{u(A; @) : §(A; @) < n}, where u(A; @) is
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0if A IFy @ and else it is the least number p such that there exists a global model
N based on p worlds such that N = A and N # .

The local complexity function is defined analogously, where the maximum is
taken only over u(@;¢). Chagrov and Zakharyaschev show that the local com-
plexity function can be extremely complex, for example the k—fold iteration of
the exponential function. However, here we are interested only in whether the
complexity function is polynomial or exponential. The following is now clear.

Theorem 30 Suppose that L has a polynomial (exponential) global complexity
function and that M is globally reducible to L by means of a linear complexity
function. Then M has a polynomial (exponential) global compexity function as
well.

Proof. Let f; be the global complexity function of L and X the reduction function
of M to L. Let p be defined by p(n) := max{§(X(A)) : #(A) < n}. Suppose that
A Wy ¢ and #(A; @) < n. Then A; X(A; @) ¥, ¢. By assumption there is a model
of size < fL(#(A; ¢; X(As9)) < frlp(n) + 1). So, fu = fu(p(n) + 1) is a global
complexity function for M. If f; and p are both polynomial (exponential), so is
fir- 0

Again, these results establish only upper bounds. K does not have a polyno-
mial local complexity function and hence also not a polynomial global complexity
function as we shall show below. However, for S5 the global complexity function
is polynomial. Incidentally, we may use a result of Chagrov and Zakharyaschev
to derive a lower bound for the global complexity function for K. Namely, it is
shown that for the local complexity function for K4, fi, it holds that log, fi(n) is
linear in the limit. Hence the local complexity function is exponential. It is an
easy matter to show that the global complexity function, g4, is then also exponen-
tial. For A IFgq4 @ iff A; LA Fgyq @, where g4(n) < f4(2n). Moreover, fi(n) < g4(n).
Now, since K4 can be reduced globally to K, we obtain that the global complex-
ity function for K cannot be less than exponential. We denote by ky the global
complexity function of K,, and k, the local complexity function.

Lemma 31 ky(n) < 2",

Proof. Let A ¥ ¢, A finite. Then by Theorem 42 there exists a global model
N = (§,B) based on a Kripke—frame § such that 91 = A but 01 # ¢. Now filtrate
this model with respect to the set A := sf[A; ¢]. That means the following. Write
x =4 yif (§,B,x) E x is equivalent to (§,5,y) E x for all y € A. Now let
[x]a :={y : x =4 y}. Put [x]s < [y]4 iff there exist x" =4 x and y" ~, y such that
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Figure 1: The branching Tree
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x' <;y’. This defines the frame §/A. Next we put /A(p) := {[x]a : x € B(p)}.
Then it is shown by induction that (§/A,B/A, [x]a) E x iff (§.B,x) E x for all
x € A. Clearly, §/A has at most 2" elements, where n = #(A; ¢). [l

Theorem 32 The logics K, have the global finite model property and are globally
decidable. Furthermore, the following holds in the limit:

1. 2M16 < ky(n) < 2.
2. 2V < ky(m) < 2.
Proof. Let m be a natural number. Consider the formulae
@; = 0" 1. & =0p; A =O-p;
We claim that
(t) O™ L g <m) O™ v O™ 0L

A countermodel is constructed as follows. Let F' be the set of at most m—long
sequences from {0, 1}. Put ¥ <1 ¥ iff ¥ = Xa for a € {0, 1}. This defines the frame §.
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It is rooted at £ (the empty sequence) and has 2"™*! — 1 elements. Furthermore, let
B(p;) consist of those ¥ such that either (a) X has length at least i+ 1 and X = iZ1V for
some i of length i, or (b) X = &, or (¢) X # &, X has length < i and ¥ = i1 for some
it. (Figure 1 illustrates the model for m = 2.) Then (F,B,&) ¥ O™ '0L; "L,
However, (g,8) E O™ L. Further, if ¥  {"'T, then ¥ has length at most i.
Hence X0 E —p; and X1 E p;, from which follows ¥ E Op; A O-p;. If however
X ¥ O™ 1T then ¥ has length at least i + 1, and then either (a) ¥ = #0¥ for some
i of length i or (b) X = iZ1V for some i of length i. Then ¥ | (J-p; in Case (a) and
X E Op; in Case (b), as is easily seen. Hence (§,8) E ¢; for every i < m. This
establishes ().

Now we show that any model witnessing () must have at least 2"*! — 1 points.
Suppose that (&, ) is such a model. Then (&, y) E A, where A := 0" 1;{g; : <
m}and (&, y) ¥ (0" Lv{™ L. Then there is an x € G satisfying 0" T AL 1O T,
Furthermore, x = [J”*!' L, so any maximal path from x has length m, and there
exists a path of length m. Now, consider a point x of depth m —i + 1. Then
x | O™'T. If p; holds at x, it will hold at every successor of x; and if ~p; holds,
it holds at every successor of x. However, p;_; holds at one successor and fails
at another. So, x has at least two successors. It follows easily that G has least
1 +2+22+2" =21 _1 points.

This allows to prove the upper complexity bound. Let n be given. Then

) = #G=-0""T o (=0Op; A =O-pp)
= T7+4(0""L;-0p; A -O-p))
= 14+ H(-0m1)
= 16+ (m—i)

Put A := "' 1;{¢p; : i < n}. Then

#(A; =(O"L A O™ '=01)) 14m + (O™ L, =(O"L A O '=01)) - f(=0L;0m1)
d4m+((m+2)+2m+1)— B +m)

= 16m

Hence, with n := 16m we get the desired lower bound. For there exist A and ¢
such that #(A;¢) = n, A ¥ ¢, and the smallest model witnessing this is of size
2m+1 —-1> 2n/16.

Now derive the local complexity bounds we take a modified version of the
previous example. We have

O" L {0Vt i, j<my ¥ O"T v O™ 0L
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The model constructed earlier serves here as well. Furthermore, a countermodel
has at least 2™*! — 1 points, by the same argument. However, the number of
subformulae is now 10m + m(m — 1) = m?> + 9m = (m + 9/2)*> — (9/2)%. This gives
the lower bound, assuming that n = m* + 9m. O

As we have remarked with the complexity class, these results can be used
to derive bounds for the size of models for entire intervals of logics. We will
give an example. The logic K.D.alt, has a linear local complexity function, as is
easily seen. However, the global complexity function is not even polynomial. For
consider the following formulae

Ya(p) == p © [D”p WA D’ﬂp]

O<i<n
7T+ H(p;0"p A No<i<n O'=p))
T+n+ ﬂ(/\0<z:<n H'=p)
6+2n+H({0-p:0<i<n})
6 +2n + H([O0" '=p)
= T7+3n

Now let g;, i < s, be the first n prime numbers. Put A, := {y,,(p;) : i <n}U{Up; &
—|D—|pi Dl < n}.

Lemma 33 Let L be a modal logic in the interval | K, K.D.alt,]. Then =[JL; A,
is globally L—consistent. Moreover, any L-model witnessing this has size > [, q.

Proof. Suppose that (§, () is a global L-model such that (§,5) E -LIL;A,. Let
(w; 1 i < w) be a sequence of points such that w; <<w;,; forall i € w. Such sequence
exists, by the fact that the model satisfies =[J.L. Then it follows by choice of the
formulae y,,(p) that (1) wy € B(q:) iff wiyy, € B(qi), (2) wi € B(gi) iff wiys € B(q))
for all s < g;. It follows easily that there is a k such that wy = p; for all i < n. Then
the smallest number & > k such that wy = p; foralli < nis k + [],.,¢q;. This
is independent of the chosen sequence. It follows that all w; for k < j < kK’ must
be distinct. So, there are at least [[,., ¢; many points in this frame. It is easy to
construct a K.D.alt;—model with exactly that many points. This shows the global
consistency of this set. 0

Let g(n) be the product of all primes < n, and let L(n) := #(A,; =[JL). Since
the formulae in A, use pairwise distinct variables, we have

Lin) = Y 8ve(p))+3+7n
Tn+ 2icn(8 +3gi)
15n+3 %, qi

#(ya(p))
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Then f(n) := g(L™'(n)) is the function measuring the size of the models for these
formulae in terms of their length. So, f is a lower bound on the global complexity
of K.D.alt;. We prove that f grows faster than any polynomial. The proof uses
some number theory.

To give a lower bound for f, we will establish lower bounds for L~! and g. This
is sufficient, since g is monotonously increasing. First we will deal with L™!. Us-
ing the asymptotic formula g, ~ nlogn for the nth prime number, where log is the

logarithm to the base e, we get that },_, g; is asymptotically equal to 21’(’)1,”. (See

n/logn

[9].) Namely, taking the integral fln/logn xlog xdx we get x*log x/2 — x/2 ) ,
which is asymptotically equal to 2122gn' The latter is eventually < é where ¢
is any given positive real number. This allows to conclude that asymptotically
L(n) < n?/c for any given ¢ > 0. Putting n = L™'(m), we get m < L™'(m)?/c from
which vmc < L™'(m). Hence, changing m back to n, L™'(n) > +/cL(n).

Now [, p ~ €". (Namely, ©}(n) is defined to be the sum of the log p, where
p is a prime number < n. It can be shown that ¥(n) ~ n. For [9] on Page 108,
Theorem 5.16 gives m(n) ~ Y and on Page 112, we have n(n) ~ lo’; -, showing

logn
9(n) . 1-
Togn ~ @.) Hence, for any & > 0, ], p is eventually larger than e’ o,

Now, given positive real numbers c and & we get f(n) = g(L™'(n)) > e VeEMW1-9),
Since we may choose ¢?/(1 — &) rather than ¢ we have that eventually also f(n) >
¢V Now, from Lemma 33 we immediately the following result.

Theorem 34 Let K C L C K.D.alt,. Then the global complexity function of L
is in the limit at least 2°V" for any given c.

Let U be a set of worlds in a frame. Let

TW) = UU{y:x<y,xeUj<k}
™) = TT"U))

T"(U) is the set of all points reachable in at most n steps from a point in U. Now
say that a frame § is of depth ¢ if there is a point x such that 7°({x}) is the entire
set of worlds from 3.

Definition 35 Let M be a modal logic with the global finite model property. Let
fu be the following function. fy(n) = max{A(A; @) : $(A; @) < n}, where A(A; p) is
0 if A Iy @ and else it is the least number 6 such that there exists a global model
N of depth 6 such that N = A and L F .

The local complexity function is defined analogously, where the maximum is
taken only over A(T; ¢).
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Theorem 36 Let d, and dy be the global and local depth complexity functions of
K,. Then the following holds asymptotically, for all ¢ > 0:

1. 2°V0 < d (n) < 2.
2. dy(n)=n-2.

The local complexity bound is rather trivial to establish, using the fact that the
depth of the models can be chosen to be at most the modal depth of the formulae,
which in turn is at most half of the number of subformulae. The upper bound is
reached by —=[J"~' 1; (0" 1. This formula has length n + 2 and needs a model of
depth exactly n. The global results follow from (the proof of) Theorem 34 and
the fact that the depth complexity function never exceeds the global complexity
function. It is clear that the theorem does not reveal mucht about transitive logics;
here the depth complexity is < 2. Finally, it is clear that there is an analogue of
Theorem 30 with respect to the depth functions.

5 The Reduction from Global to Local

Now let + and + be two consequence relations. We call X a reduction function
from + to +’ if

1. X(A) is finite,

2. var[X(A)] C var[A],

3. X(A) € Taut(r),

4. A+ @iff A; X(A; @) H .

In the previous section we have discussed the case where  and I’ are both global
consequence relations. Analogously we can reduce the local consequence relation
of M to the local consequence relation of L.

Now notice that there is the following connection between local and global
consequence relations.

Proposition 37 A Ik, ¢ iff for some compound modality B: HA v .
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Moreover, we can simplify the choices for H somewhat. Define for finite «:

D0 = ¢

O = Ajug
Dk+1(p .= DIDk()D
DSkSD = N Uy

Definition 38 Assume that « is finite. Let f be a function from finite sets of for-
mulae to w. f is a global-to—local reduction function or gl-reduction
function for L if for all finite sets A and ¢

AlFL o & O%A F @

where k := f(A; @).
The following theorem is easy to show.

Proposition 39 Suppose that L is locally decidable and that there is a computable
gl-reduction function for L. Then L is globally decidable.

To put it negatively: if a logic is locally decidable but globally undecidable, then
no computable gl-reduction function for L exists. [15] has proved the existence
of such logics. A logic is weakly transitive if it has a theorem of the form [(J*p —
[*1p. Clearly, weakly transitive logics have computable reduction functions:
simply put f(A) := k. Furthermore, observe the following.

Proposition 40 Suppose that M has a (computable) global reduction function to
L and that L has a (computable) gl-reduction function. Then M has a (com-
putable) gl-reduction function.

Proof. Let X be a reduction function from M to L, and f a gl-reduction function
for L. Then

Ay = NXA Q) I @
= O¥AO%X(As9) b g
=  O%A; O%X(A;0) by @
= [O=<fA Fm @
where k := f(A; ¢; X(A; ¢)). Hence put g(A) := f(A; X(A)). This is a gl-reduction
function for M. If both f and X are computable, then so is g. 0

A logic M is called weakly transitive if there exists a compound modality X
such that Xp — p, Xp — XX p, Kp — 0;p and Kp — [J; X p are theorems
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of M for all modal operators [1;. We call X a master modality. If M is weakly
transitive with master modality X then

Moreover, §(KA) < ¢ - #(A) for some constant c. Hence, the global derivability is
linearly recodable as a local derivability problem. So we have the

Proposition 41 Suppose that M is weakly transitive. Then there exists a linear
gl-reduction function for M.

It follows that in the weakly transitive case the local and the global complexity
coincide. For we generally have

Moreover, (A A — ¢) < 2 + 28(A;¢). So, the local derivability problem is
linearly recodable into a global derivability problem.

We will discuss a special case to solve, and that is the gl-reduction of K,. In
[7] the following is proved. (We reproduce the proof here.)

Theorem 42 Let A be a finite set of formulae and ¢ a formula. Put k = 2#0+H®),
Then
AlFg, ¢ & O%A vk, ¢

Proof. Assume [(1=F¢p ¥k, ¥. Then there exists a finite model (§,8,wo) E
[(0=kp; . Moreover, we may assume that § is cycle—free, and that between any
pair of points there exists at most one path. Let A := sf(¢) U sf(¥) and put
S ={x € A:(5.6,y) E x}. Let G be the set of all y in F such that along any
path from wy to y there are no two distinct points v and w such that S (v) = S (w).
Then any path from wy to y € G has length < k, because there are at most k subsets
of A. Now define «; on G as follows. y «; ziff (1) y <; z or (2) for some u ¢ G
we have y <tju and S (z) = S (u). Put y(p) := B(p) N G. We will now show that for
everyy€ Gand y € A

G, v.mEx © &ByEX.

This is true for variables by construction. The steps for negation and conjunction
are clear. Now let y = ¢;0. If (§,8,y) E ©;0 then for some z such that y <; z
we have (§,5,2) E 6. There are two cases. Case 1. z € G. Then by induction
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hypothesis, (&,v,z) E 6. From this we conclude (&,y,y) E O;0, since y «; z.
Case 2. 7 ¢ G. Then there is a u € G such that S(#) = S(z). Therefore, by
construction of &, y «; u. Furthermore, (§,5,u) F ¢ by definition of S(-).
So, (&,vy,u) E ¢ by induction hypothesis. From this follows (&,y,y) £ ©;0,
since y «; u. This exhausts the two cases. Now suppose (&,v,y) E ¢;0. Then
(&,v,2) F o for some z such that y «; z. By induction hypothesis, (§,5,z) F 6.
If y <; z, then also (§.8,y) E ;0. If, however, y 4; z, then there is a u such
that y <; u and S(u) = S(z). By definition of §S(-), (§,6,u) E ¢, from which
(T.B,y) E 0,6 as well. Now since from wy there is always a path of length < 2*
to any point y € G, we have (§,8,y) E ¢ forall y € G, and so (8,3, y) [ ¢ for all
y. Consequently, (&, 8, wy) = L“p; ~, as required. 0

6 Interpolation and Beth Theorems

Definition 43 A modal logic L has local interpolation if for every pair ¢ and
Y of formulae with ¢ v  there is a x such that var(y) C var(p) N var(¥) and
¢k x aswell as y +; Y. L has global interpolation if for every pair ¢, ¥ of
formulae with ¢ I  there is a y such that var(x) C var(e) Nvar(y) and ¢ IF; x
as well as y |- .

Since we have a deduction theorem for local deducibility, we can reformulate local
interpolation in such a way that it depends only on the set of theorems. L has the
Craig Interpolation Property if whenever ¢ — ¢ € L there exists a y which is
based on the common variables of ¢ and ¢ such that ¢ — y; vy — ¥ € L. A logic
has the Craig Interpolation Property iff it has local interpolation.

Proposition 44 If L has local interpolation it also has global interpolation.

Proof. Suppose that L has local interpolation. Let ¢ I, . Then for some
compound modality X we have Xy +; . Whence by local interpolation there is
a y with var(y) C var(yp) N var(y) such that Xy +; y and y +, . Hence ¢ I x
as well as y I, y. O
The converse implication does not hold, as has been shown in [12]. Interpolation
is closely connected with the so—called Beth property. It says, in intuitive terms,
that if we have defined p implicitly, then there also is an explicit definition of p.
An explicit definition is a statement of the form y < p where p ¢ var(y). An im-
plicit definition is a formula (p, §), such that the value of p in a model is uniquely
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defined by the values of the variables §. The latter can be reformulated syntacti-
cally. Given a consequence relation +, we say that ¢(p, §) implicitly defines p (in
F) if o(p, §); ¢(r,§) + p & r. Given L, we may choose + to be either +; or I-;.
This gives rise to the notions of local and global implicit definitions.

Definition 45 L is said to have the local Beth Property if the following holds.
Suppose ¢(p, §) is a formula and

90(17,‘7),90(’",‘7) l_Lp o

Then there exists a formula x(§) not containing p as a variable such that

(P, rp o X .
Analogously, the global Beth property is defined by replacing +; by I-;.

The lack of the deduction theorem for the global consequence makes the global
Beth property somewhat more difficult to handle than the local equivalent. For
the local Beth property we can actually prove that it is equivalent to the Craig
Interpolation Property. The following two results were shown in [12].

Theorem 46 (Maksimova) Let L be a modal logic. Then L has local interpola-
tion iff it has the local Beth property.

Theorem 47 (Maksimova) A modal logic with local interpolation also has the
global Beth—property.

Proof. Assume that ¢(p, §); ¢(r, ) IFL p < r. Then for some compound modality
X we have

Xeo(p, §); Rp(r, @) k. p o 1.

This can now be rearranged to

Ne(p, ) p Fr We(r, ) — .

We get an interpolant y(§) and so we have Xo(p,§); p +. x(§), from which

Xe(p,§) b p = x(§)- So ¢(p,§) ti p = x(§). And we have x(§) . Ko(r, §) —

r from which we get Xo(r, §) +1 x(§) — r, and so ¢(r, §) 1 x(§) — r. Replacing

r by p we get the desired result. 0
The picture obtained thus far is the following.
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local interpolation _ global interpolation

|

local Beth Property ——  global Beth Property

It can be shown that there exist logics without global interpolation while having
the global Beth Property and that there exist logics with global interpolation with-
out the global Beth Property. An example of the first kind is the logic G.3. (See
[11].)

Definition 48 Let L be a modal logic. L is locally Halldén—complete if when-
ever ¢ +i ¥ and var(p) N var(y) = & we have ¢ +; L or +p ¥. L is globally
Halldén—complete if whenever ¢ I;  and var(p) N var(y) = @ we have
¢l Lorlkp .

Global Halldén—completeness is called the Pseudo Relevance Property in [13].
In the literature, a logic L is called Halldén—complete if for ¢ and ¢ disjoint in
variables, if ¢ V ¢ € L then also ¢ € L or ¢ € L. Clearly, this latter notion of
Halldén—completeness coincides with local Halldén—completeness. This follows
from the deduction theorem, since ¢ +; i is equivalent to +; —¢ V . If a logic
is locally Halldén—complete it is also globally Halldén—complete. For if ¢ I, ¥
then Ho +; . If ¢ and ¢ have no variable in common, this holds for Hy and y as
well. Hence, ¢ +; L or else +; i, from which we get ¢ I, L or I, ¢. Further, if
L logic is locally Halldén—complete then any constant formula must be equivalent
to L or T. This is the case, for example, when all modal operators are reflexive.

Proposition 49 Suppose that L is a logic such that every constant formula is lo-
cally equivalent to L or T. Then if L has local (global) interpolation, it is locally
(globally) Halldén—complete.

For a proof note that if ¢ +;  with ¢ and ¢ disjoint in variables, then there exists
a constant formula y such that ¢ +; y and ¥ +; . By assumption on L, y is
equivalent to T or L. If the first holds then T +; ¢ and if the second holds then
¢ Fz . Similarly for the global case.

Finally, we will establish some criteria for interpolation. Assume that we have
logics L and L" with L € L and global reduction sets for L" with respect to L. Let
us say that the reduction sets split if there exists a reduction function X such that

X(p34) = X(p — ¢) = X(9) U X().
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Theorem 50 Suppose that L' can be globally reduced to L with splitting reduction
sets. Then L' has local (global) interpolation if L has local (global) interpolation.
Moreover, L is locally (globally) Halldén—complete if L is.

Proof. Assume ¢ +;, . Using the deduction theorem we get -, ¢ — . Then
Ik ¢ — . By global reduction we get X(¢ — ¢) Ik, ¢ — ¢ and so for some
compound modality X
BX(e - e o Y.
This is the same as
BX(p): BXW) FLe = ¢,

by the assumption that the reduction sets split. We can rearrange this into

BX(p); ¢+ BXW) = ¥

(We allow ourselves to write HX(¢) in place of A\ HX(y).) By assumption on
X, var[X(¢)] C var(y) and var[X(¥)] € var(y). By local interpolation for L we
obtain a 7 in the common variables of ¢ and i such that

0; BX(@) br T+ BX@) — ¢

From this follows that ¢ ;. 7+, W, by the fact that the reduction sets only contain
instances of theorems. Moreover, var(t) C var(e) N var(y). Pushing up global
interpolation works essentially in the same way. Now, for Halldén—completeness,
assume that ¢ +;, ¢ for ¢ and ¢ disjoint in variables. Then

@; BX (@) Fr BHX (W) — .

The left hand side is disjoint in variables from the right hand side, and so either
the left hand side is inconsistent or the right hand side is a theorem. In the first
case, ¢ k;, L. In the second case +-;, ¥, as required. The proof for global Halldén—
completeness is analogous. U
We conclude from that the following theorem.

Corollary 51 The monomodal logics K.alt,, K4, K.B, K.T, K.BT, S}, S5,
G and Grz have local interpolation. Moreover, K.T, K.BT, S4, S5 and Grz
are Halldén—complete.

This is so since the reduction functions given earlier split, as an easy inspection
reveals. The second claim follows from Proposition 49. The following has been
observed first in [14]
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Corollary 52 (Rautenberg) Let L have local (global) interpolation and let ¥ be
a set of constant formulae. Then L &Y has local (global) interpolation.

By considerations analogous to Theorem 13, Xy(A; ) := ¥ is a global reduction
function. Obviously, X splits. An analogous theorem holds for local and global
Halldén—completeness; however it is of no use. For if a logic is Halldén—complete,
any constant formula is equivalent to either L or T.

We close with a remark on interpolation. Say that L has constructible local
interpolants if for given ¢ and ¢ such that ¢ +; ¥ we can construct a local inter-
polant y. It can be shown that if M can be locally constructively reduced to L and
L has constructible local interpolants, then this holds for M as well. Similarly for
global interpolation. !

7 Conclusion

We have introduced the notion of a reduction function and shown how to use
reduction functions to prove certain standard and some new results about decid-
ability, finite model property, interpolation etc. of logical systems. All methods
are constructive: the reduction functions are shown to be constructible if the logic
is decidable. Moreover, if we are given reduction function, we assume that the
base logic L has the finite model property and construct an M—model on the basis
of a suitably defined L-model. The only handicap of the method is the fact that
we use a global reduction function instead of a local one, even though we show
also that the global consequence relation is reducible in the same way to the local
reducibility. Yet, the bounds obtained in this way for the time and space complex-
ity are sometimes far off the mark. However, our results are — so we think —
only the beginning. It is conceivable that they can be improved to establish the
bounds known from the literature.

8 Appendix: Subframe Logics containing K4

In this appendix, all frames and logics are assumed to be transitive. A subframe &
is cofinal in § if every point in the subframe generated by & in § is covered by a
point of &. That means, if x € G and x <y then either y € G or else y <1z for some
z € G. A'logic is called a cofinal subframe logic if its class of frames is closed

1T owe this observation to Oliver Kutz.
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under taking cofinal subframes. Obviously, a subframe logic is a cofinal subframe
logic; the converse need not hold, e. g. S4.2. Examples of subframe logics are S4,
S5, G, Grz, K4.3 and many more.

We will prove in this appendix the following theorem, proved in [3] for sub-
frame logics and in [16] for cofinal subframe logics.

Theorem 53 (Fine, Zakharyaschev) Every cofinal subframe logic containing K/
has the finite model property.

For subframe logics this is due to Kit Fine; the generalization to cofinal subframe
logics (as well as Fine’s result independently) has been obtained by Michael Za-
kharyaschev. Before we enter the proof let us introduce some useful terminology
and draw important consequences. If L is a logic and § rooted and finite then
denote by L/; § the smallest subframe logic containing L not having § as a frame,
and call L/, § the Fine-splitting of L by §. It turns out that L/ § = L& Cgz where
Cz = U"SF(§). — .-p, with 0 a root

SFE&) = Npx—-py:ix#y)
A Npx = Opy 1 x y)
A NPpx = =Opy i x 4 y)

Any subframe logic L is a Fine—splitting K4/. G withG = {F : § ¢ Fr(L), ® rooted}.
Analogously, a Zakharyaschev—splitting of L by § is the least cofinal subframe
logic containing L for which § is not a frame. It is axiomatizable by L&l1* CSF(§). —
=p,. We write L/, §.

CSF(E) = N(px = —py:Xx#Y)
A Npx = Opy 1 x <Ty)
A NPy = =0py i x Ay)
AOO NV px:x€f)

Put § <z & if & is a p—morphic image of a subframe of §, and § <z & if & is a
p—morphic image of a cofinal subframe of §. Then <z C <p. If § is a K4—frame
and x,y € f then y is called a weak successor of x, in symbols x < y, if x <y
or x = y. y is a strong successor of x, in symbols x<y, if x << x but y 4 x. The
cluster C(x) of x is the set of weak successors which are not strong, that is the set
of y such that x < y < x. The depth of a point x, d(x), is the maximum number
n such that there is a sequence x = Xo<Ax1< . .. Ax,_p<Ax,. In the sequel we fix a
formula ¢, and let S := sf(¢). Let 91 = (§,B) be a model. We make the crucial
assumption from now on that the S(p), p € var(y), generate the algebra of sets of
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§. We say in that case that the model is ¢-refined. In a model, the characteristic
set of a point x, X(x), is the set of all formulae of § = sf(¢) true at x. The atom
or characteristic formula is

At(x) = A WA /\ —

peX(x) YeX(x)

The set of all conjunctions of this type, i. e. the set of all characteristic formulae,
is denoted by A(y) or simply A. Call x € F maximal (with respect to ¢) in
M if no strong successor of x has the same characteristic set (or formula) as x.
The subframe of all maximal points of 9 = (§,B) is denoted by §*. In a finite
model, every point x has a weak successor which is maximal for the atom of x.
This weak successor is denoted by x*. Then x = x* iff x is maximal (by ¢—
refinement). Hence, §* is actually cofinal in §. It is useful to observe that if x <1 y*
and x | QAr(y*) then there is a weak successor x* such that x* <1 y*. We now have
the following

Proposition 54 Let 3 C & C Fand x € G. Then forall p € S:

B0 Ee © (&.8,0) F ¢

The proof of this theorem is straightforward. As a consequence, there is no dis-
tinction whether we choose maximal points in § or in &. They will be the same
set. And so x* does not depend on & as long as G 2 F*. Let R be the refinement
of the frame §*, where the internal sets are those generated by B(p;), p; € var(y).
(That is to say, we consider the general frame based on §*, in which the algebra
of sets is generated by the values of the variables p;.) Write 8 for the valuation
induced on ‘R. Let d”(x) be the depth of x in *A.

Fact 55 For all x € G, d"(x) is the maximum number n such that there is a chain
(x; 1 i € ny with xy = x, x;QAX;1, and x;1; E ~At(x;) A ~QAt(x;), i € n — 1. By
consequence, d"(x) < 2%.

Proof. This is seen by first noting that if there is a chain (x; : i € n) such that x;,; =
-At(x;) A =QAL(x;), then x;,; <4 x;, and, starting with x,_;, one can successively
replace the x; by a maximal weak successor X' so that x/'<x! . Conversely, if
there is a chain (x; : i € n) of maximal points such that x;<Ax;4, then x4, E
-At(x;) A =QAH(x;). So there is a chain of points with x;;; | —A#(x;) A =QA1(x;)
iff there is a chain of maximal points of the same length satisfying x;<x;,, iff
d*(xy) = n. OJ
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For x € F define

suct(x) = {ye F*:xdy),
cl(x) = {yeF':x<y<ux},
CL(x) = {At(y) : y € cl(x), y maximal}

By induction on d*(x) we will now define formulae &,, A,. The formulae &, will
encode the structure of the refined submodel of maximal points. The formulas A,
define the layers of that model, that is, the set of all points y in the submodel of
maximal points with d*(y) < d*(x). The induction starts with d"(x) = —1, where
there is nothing to do, except to let A_; := L. Now let d"(x) :=d + 1 withd > —1.
(We write {*¢ for ¢ V Qg and [T for ¢ A Cle.)

/lx = {d
@, = At(x) A=A A O, = =0 A1(x))

O-Ar(x) if cl(x) =0
B = N(Qa : @ € CL(x))

AN (@ = Oaa) @ ay, @z € CL(x))
AN O@ — 0@ A Ay): @€ Alp) — CL(x)) otherwise

N (Qey AO(OTAH(X) — Osy) 1y € suc*(x))
Ve = ANO=gy 1y & suct(x),d"(y) < d)
A A(D(D_'gy - \/aeA(w)—CL(x) <>+(a’ A ﬂx)) HRAS suc*(x))

o = @y AL Ay,

fav1i= = LaV Ve di(x) =d+ 1)

Define SUC(x) := {g, : y € suc*(x)}. Then if = denotes equivalence in K it is
calculated that &, = g, iff either (o) SUC"(x) = SUC*(y), or (8) CL(x) = CL(y)
and At(x) = At(y). Define the frame 0¢s = (6,<) with 6 = {g,/= : x € F}
and &, < g, iff either &, € SUC*(x) or SUC"(x) = SUC*(y), CL(x) = CL(y) and
At(y) € CL(x). (Henceforth we will not distinguish between &, and its equivalence
class &,/=.) Our aim is to show that des is nothing but fR, and that the natural
valuation on 0¢s is 8. The first lemma shows that the definition of the &; is sound
for the maximal points:
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Lemma 56 Let§* C & C § and x € &*. Then x € f* and (&, [, s) F &,.

Proof. If x € &*, then its maximal successor x* is in &, since ® 2 §*. Hence,
x = x*, since x is maximal in & and it follows that x is maximal in § as well. By
induction on d := d*(x) we show

H (6,8, x) E &; moreover, if (&, 5, x) E A, then d*(x) < d.

To begin with d*(x) = —1, there is nothing to show. Thus let d“(x) = d + 1. The
proof is broken down into four parts:

(1) x F ay

This is so because y = A, implies y* E A.(= ;) by Proposition 54, from
which d*(y") < d. But no maximal successor of x of depth < d can satisfy A#(x)
or QAH(x).

(i) x F Bx

The case CL(x) = 0 is straightforward. Let therefore CL(x) # . By definition
of CL(x) and the fact that G 2 F* we get x E Qay;U(a; — Qay) for all oy, a; €
CL(x). Also x E O(a. » .O*(@ A A,)) for @ ¢ CL(x), for if for a successor y:
y E @, then y* = @ and by induction hypothesis and the fact that d*(y*) < d,
Y E A,. Thus if y = y* we have y E A, and if y < y* we have y* E O(a A A,).

(i) x E ¥«

x E Og, ADOQYAH(x). — .Qg,) for all &, € SUCT(x) by the fact that x is
At(x)-maximal and x E Qs, for all &, € SUC"(x). Furthermore, x = —Qg, for
all y ¢ suc*(s) and d*(y) < d. Finally, suppose for x < z that z  ={¢, for some
y € suc*(x). By definition of depth, d*(z*) < d. Hence, by induction hypothesis
HEA. Ifz=72thenz E A, Aa,if z<17# then z E O(a A A,) for a = At(z) € A.
And so

dE =\ (0T @nd) aeh)

from which x | U(L—e, — ¢). This shows (iii). We have shown that x [ &.

(iv) Now suppose y | A441. If also y E A, then d*(y) < d, by induction
hypothesis. Hence let y = —4,. Theny = &, for some maximal z with d“(z) = d+1
and so y E Q&, for some maximal x with d*(x) = d. So, d*(y) > d. Buty E .,
implying that if y<tv | [J*=A#(y), then A#(v) ¢ CL(z) and sov | O (At(v) Ady). If
vE Ag d*(v) <d;butif v E O(At(v) A A,) then V' E A; and so d*(v) = d*(V) < d
as well. This proves d*(y) =d + 1. 0
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Lemma 57 Forall x,y € F:

(a) & =g = FK4 Ex © &y
(b) & Ze¢, S FKa Ex — &,
(0) & <egy = Fka &x = Q&
d) e Aeg S Fka &x — 08,

Proof. It is enough to show only (=) in each case. (a) holds by definition of =
and &,.

(b) If SUC*(x) # SUC*(y), for example &,, € SUC(x) — SUC*(y), then Fgy
g — Qg ey = —=0g,, whence gy &, — —g; likewise for ¢, € SUC*(y) —
SUC*(x). Let us now suppose SUC*(x) = SUC*(y). If At(x) # At(y), the case
is clear. Thus if At(x) = At#(y), we must have CL(x) # CL(y). Without loss of
generality we can assume that @ € CL(x) — CL(y). We have +g4 £, = Qa8 —
OQ*At(x) — —4,) (by Fka @, — O(QOTAH(x). = .—A,) and kg &, — @y).
Furthermore, from rg4 £, — (@ — QA1(x)) we get kg £x — Oa A =A,). Also,
& Fka (@ — QAt(x)) (this is a conjunct of §8,), and & +gq4 LI(QAL(x) — —A,) (this
follows from the last conjunct of a,). Together this gives &, Fgq (@ — —4,).
But

Fra & — O(@ = 0T (@ A 4y)) .

By definition of 3, and since SUC"(x) = SUC"(y) we have A, = A,. Consequently
Fka & — (@ = 0" (a A 1,)). Now

Ex N &y K4 <>(CZ A _'/lx); D(Q’ - _|/1)C); D(CZ - <>+(CY A /lx)) Fk4 L.

(The last two formulae give (@ — O (@ A A, A =4,)), by transitivity; therefore,
(@ — [J*L1) is derivable, which gives [J-a. O« is derivable from the first
formula. Hence, L is derivable.) So, Fxg &; — &y

(c) If &, € SUC™(x), the case is trivial. So let us suppose the contrary. Then
x <y < xand so cl(x) = cl(y) as well as suc*(x) = suc*(y). Hence SUC*(x) =
SUC"(y) and CL(x) = CL(y) # 0. Since &, is a conjunction of formulae ¢;, i < n,
in order to show g4 &, — Qg, it is enough to show rg4 &, — Oy and tx4 &, —
Lo — ¥i), 0 <i < n. We take ¢ := At(y). Furthermore, 8, = B, and y, = v,,
from which it easily follows with the help of x4 £, — (A#(y) — O*At(x)) that
Fka € — U(AH(y). = By Ayy). Now

(1) Fka &, = QAH(y), since At(y) € CL(x).

(ii) Fka & — O(A(y) — -4,) follows from g4 &, — OAH(y) — OAt(x)),
Fka &x = O(QAH(x) — —4,) and A, = A,.
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(iii) +ge & — O@A@ny) — 0@, = =0*A«(y))). For tx4 & — O, —
-O*At(x)), whence kg4 &, — (1, — OTA#(y)). For A, = A,, and furthermore
Fka € — U(AH(y) = OTAf(x)). The claim now easily follows.

(1), (ii) and (iii) together give k4 &x — Qa,. Thus kg4 &, — Os,, as required.

(d) Case 1. If d“(y) < d*(x), then ={¢, is a conjunct of &,.

Case 2. d“(x) = d"(y). Then A, = A,. Suppose g, € SUC*(x) — SUC(y) for
some g,. If g4 £, — Og, then we have

FK4 &y = 008, A DA A /\(CZ - =0T (@A) : a € Alp) — CL(x))
So we get
rka & = 008, A A A [\(@ = 07 (@A L) : @ € Alp) - CL())) .

But this is a contradiction to g4 £, — v,. Now suppose g, € SUC*(y)—SUC" (x).
Then rg4 &, — QOs, yields kg4 €, — g, in contradiction to Fgg &, — U-eg,.
Thus the case SUC*(x) = SUC*(y) is left. Then we must have CL(x) # CL(y)
or CL(x) = CL(y) = 0. The latter case is dealt with as follows. x4 &, — QOs,
implies tgg &, — QA#(y); and since &, ks L(AH(y) — O (At(y) A Ay)) (for
At(y) ¢ CL(x)) we have rgg4 &, — O(g, A OT(At(y) A A,)), in contradiction to
&y Fka Ay A(4y, — —A1(y)). Thus CL(x) # CL(y). Now let a € CL(y) — CL(x).
Then txg4 &, = U@ — O (@ A Ay)) and rgq & — U(@ — -A,) and if Fgy
gx — Qg we get kgg & — Ola A ) AO(@ — —4,), again a contradiction.
Assume finally y € CL(x) — CL(y). Then g4 &, — L(At(y) = Oy) and Fgy4 &, —
Oy — OF(y A Ay)). We arrive at a contradiction with +g4 &, — g, because
Fka € — Uy — —4)).

Case 3. d“(y) > d"(x). If there is a z with d¥(z) = d“(x), e, <g;and g, 4 &, A4
g,, then kg4 &, — O¢, would imply g4 £, — Os., which is contradiction because
of Case 2. But in the other case &, < &, and since g4 &, — L(4, — U-A1(y))
and gy &; — A, we get kg &, — (e, = O-A1(y)) showing txg &, = =0g,. 0

Since the depth of a point in R is bounded we have a bounded number of
formulae &£, no matter what the frame § is we started with. This number we
denote by c(¢). It can be computed from ¢, but we will not do that here. Another
consequence of Lemma 57 is

Proposition 58 Let & be a finite frame and §" be subreducible to ®, that is,
S$429 5 &, and let y, := \/(&,, : w € h,n(w) =), fory € G. Then

FK4 SF(®)[/\/v/py]
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where ¢lx,/pyl is the result of replacing y, for all occurrences of p, for ally in
®.

Proof. It is easily seen that Fxq x, — =y, if v # w, Fxa ¥ — Oxy if v < w and
Fra Xy — ~Qxw if v A w. O

Proposition 59 The map p : §* — ‘R given by p : x — &, is a p-morphism
admissible for B. Moreover, let D be the algebra of sets generated by the sets
PlB(p)] ={a €6 : @ txq p}. Then (0es, D) is refined.

Proof. Let x <y. Then either y < xory #4 x. y £ x implies &, < &, by
definition, since Q¢, is a conjunct of &,; if y<tx then we have SUC*(x) = SUC*(y),
CL(x) = CL(y) and At(y) € CL(x). Thus &, < &, as in the proof for Lemma 57(c).
Hence x <1y implies &, < &,. Furthermore, if p(x) < &, then since (§*,5, x) F
gy and Fgg & — Qgy, (§*.B8,2) E &, for some x < z. Then g, = &, that is,
p(z) = &,. This shows that p is a p-morphism. p is clearly admissible; let y be the
induced valuation on fR. Because of (§*, 5, z) E &,, we have (R, y, p(2)) E &, but
(R, 7,p(2)) E —g, for &, # &, and consequently (R, y) is refined. O

We have now constructed formulas €, which completely describe the structure
of the refined submodel of maximal points of any given finite model.

Theorem 60 Let L 2 K be a subframe logic, § a finite, rooted frame. If L has
the finite model property, L/ § has the finite model property as well. Moreover, if
@ is consistent with L/, § then it has a model of size < c(p).

Proof. By constructive reduction. Suppose ¢ is consistent with L/.§. Then
define goﬁ to be the union of the sets F({{R,8)) where R is of cardinality < c(¢), 8
a valuation from var(yp) into R and

F((R,B) = {0 Cylesw/pad = S : G — 27, &5 = \/<8w tw e S(x)

So ¢; goﬁ is Lz—consistent and a fortiori L—consistent. Therefore (3,,w) E ¢; (,0ti
for some L-model (3, ,w). Let R be the reduced subframe of maximal points.
We have (°R, {, €,,) E ¢, by Proposition 59. Now suppose R 2 Z §. Then let
Sty al(y). If v € n7!(x) with x generating § then (3*,,v) E =Cylesy/ py]
since (3,4, v) E &5y and (3*,{) E SF(S)lesw/pxl, by Proposition 58. Thus
v ¢ z. Consequently, R is not subreducible to §. (R, {,w) is an Lz—model for ¢

and card(®R,,)) < c(y). O
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Analogously the same theorem for cofinal subframe logics is proved. By in-
duction one can now show that all Fine—splittings K4/ G (and all Zakharyaschev—
splittings K/, H for finite H) have the finite model property. But this is all we need
to show the full theorem. Let ¢ be K4/. G—consistent. Define G¥ := {& € G :
card(®) < c(p)}. Then ¢ is K4/, G¥—consistent and has a finite model of size
< c(¢) by the preceding theorem. But this already is a K4/, G-model. This com-
pletes the proof of Theorem 53
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