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Abstract

In [2], Ginsburg and Spanier showed that the semilinear subsets of
N" are exactly the sets that are definable in Presburger Arithmetic.
The proof relied on two results shown in [1]: (1) that linear equations
define semilinear sets, and (2) that the complement of a semilinear
set is and the intersection of semilinear sets is again semilinear. Here
we offer a much simpler proof of this fact. Basically, using quantifier
elimination for Presburger Arithmetic we avoid having to show closure
under negation. Instead, this will now follow from the results. Second,
closure under intersection will be shown using standard techniques
from linear algebra.

1 Preliminaries

Let N™ be the set of n—tuples of natural numbers. A tuple is denoted by an
arrow, eg U, whose coordinates are v', i < n. Put 0:= (0,0,...,0). Define
U+ W by

(U + ) (i) = v(i) + (1)

—_



Denote the structure (N™, 0, +) also by N*. The unit vector which is 0 except
at place number i, where it is 1, is denoted by €;. We define nv’ inductively
as follows. 00 := 0, (n+1)7 := nv/'+¥. We write N7 for the set {nv : n € N}.
Finally, for two subsets V,W C N4 write ¢+ W := {¥'+ @ : @ € W} and
V4+W :={04+d:0€V,weW}. Anonempty subset of N" is called linear
if it can be written as

Uy + Nv; + Nty + - - - + N,

for some m (which may be zero, in which case we get the singleton {7y}).
Likewise, a subset of Z" (Q") is called linear if it has the form

Uy + 20, + Ly + - - - + 2,
for subsets of Z™ as well as
vy + Qui + Qg + - - - + Quy,

for subsets of Q™. The linear subsets of Q™ are nothing but the affine sub-
spaces.

A subset of N (Z", Q") is called semilinear if it is the finite union of
semilinear sets. We employ the following notation.

Definition 1.1 Let M and N be finite subsets of N™. Then (M ; N) denotes
the set of vectors of the form @ + > ._ k;U; such that @ € M, k; € N and
v; € N for all i < p.

i<p

Presburger Arithmetic is defined as follows. The basic symbols are 0, 1, +,
< and =,,, m € N —{0,1}. Then Presburger Arithmetic is the first order
theory of the structure Z := (Z,0,1,+, <, (=,,: 1 <m € N)), where a =,,, b
iff a — b is divisible by m.

Negation can be eliminated.

“(r=y) < T<yVy<zx
“(z<y) < x=yVy<czx
“(a=mbd) < Voem@=mb+n

where n is defined by 0 := 0, n + 1 :=n+ 1. We shall occasionally use = < y
for x < y V x = y. Moreover, multiplication by a given natural number also
is definable: put 0t := 0, and (n + 1)t := nt + t. Every term in the variables



75, i < n, is equivalent to b+ ), a;z;, where b,a; € N, 7 < n. A subset S
of Z" is definable if there is a formula ¢(xg, z1,...,2,_1) such that

S:{<I€Z/L<7’L> GZnZZ':gO[ko,kl,...,knfl]}

The definable subsets of Z" are closed under union, intersection and comple-
ment and permutation of the coordinated. Moreover, if S C Z"*! is definable,
so is its projection

malS] = {(k;i:i<mn): thereis k, € Z: (k; :i <n+1) €S}

The same holds for definable subsets of N, which are simply those definable
subsets of Z™ that are included in N". Clearly, if S C Z" is definable, so is
SNN™

2 Linear Equations

Lemma 2.1 Suppose that a+) ,_, pix; = b+, q:x; is a linear equation
with rational numbers a, b, p; and q; (i < n). Then there is an equivalent
equation g+ an u;r; = h+ ZKn v;z; with positive integer coefficients such
that g - h =0 and for every i < n: v;u; = 0.

Proof. First, multiply with the least common denominator to transform the

equation into an equation with integer coefficients. Next, for every ¢ < n,

substract ¢;x; from both sides p; > ¢; and p;z; otherwise. O
Call an equation reduced if it has the form

<m m<i<n

with positive integer coefficients g and k;, © < n. Likewise for an inequation.
Evidently, modulo renaming of variables we can transform every rational
equation into reduced form.

Lemma 2.2 The set of solutions of a reduced equation is semilinear.

Proof. Let i be the least common multiple of the k;. Consider a vector of
the form ¢ ; = (u/k;)é; + (p/kj)€;, where i < m and m < j < n. Then if ¢



is a solution, so is U+ ¢; ; and conversely. Put C :={¢; : i <m,m < j < n}
and let

P = {ﬁ g+ kii(i) = Y k(i) for all i < n (i) < u//@}
<m m<j<n

Both P and C are finite. Moreover, the set of solutions is exactly X(P; C).

Lemma 2.3 The set of solutions of a reduced inequation is semilinear.

Proof. Assume that the inequation has the form

Q+Zki1’i§ Z kixi

<m m<i<n

Define C' and P as before. Let E := {¢; : m < i < n}. Then the set of
solutions is X(P; C'U E). If the inequation has the form

g+ ZI%’EZ > Z kiz;
<m m<i<n

the set of solutions is 3(P;C' U F) where F := {¢é; : i < m}. O

Lemma 2.4 Let M C Q" be an affine subspace. Then MNZ" is a semilinear
subset of Z.".

Proof. Let v, i <n + 1, be vectors such that
M =0+ Qvth + Qo+ - - - + QU1

We can assume that the o; are linearly independent. Clearly, since Qu =
Q(MwW) for any nonzero rational number A\, we can assume that 7; € Z",
i <m. Now, let V := {h + > e, Nl : 0 < A\ < 1} VNZ" is finite.
Moreover, if vy + Y i, Kili € Z" then also vy + > .., Kili € Z" if
ki — Kk € Z. Hence,

M = Uw+zz71+...zq7m

wev

This is a semilinear set. O



Lemma 2.5 Let M C Z"™ be a semilinear subset of Z". Then M N N" is
semilinear.

Proof. It suffices to show this for linear subsets. Let v;, i < n+1, be vectors
such that
M = Uy + 20, + Zivg + -+ - + LUy

Put w; :== —v;, 0 <7 < m. Then
M = vy + Nv; + Nty + -+« + Nv,,,_; + Ny + ... + N,

Thus, we may without loss of generality assume that

M = Gy + N, + Nt + - - - + N&,,_;

Notice, however, that these vectors are not necessarily in N”. For ¢ starting
at 1 until n we do the following.

Let xz = T;(i). Assume that for 0 < j < p, x; > 0, and that for
p < j<m, x§ > 0. (A renaming of the variables can achieve this.) We
introduce new cyclic vectors ¢ for 0 < j < p and p < k < m. Let p the

least common multiple of the |z, for all 0 < s < m where z*, # 0:
Cij = (/5)0; + (/23O
Notice that the s—coordinates of these vectors are positive for s < 4, since this

is a positive sum of positive numbers. The ith coordinate of these vectors is
0. Suppose that the ith coordinate of

U_]':_’()—F Z )\jﬁj

is > 0, where \; € N for all 0 < j < m. Suppose further that for some
k > p we have A\, > v} + m(p/|zt|). Then there must be a j < p such
that A; > (p/x%). Then put X, := A, for r # j,k, N :== \j — (p/2}) and
N, = A, + (u/7%). Then

- —)‘ ! —»‘
w = Cj+ E A;Uj
o<j<m

Moreover, \; < A; for all j < p, and A}, < Ax. Thus, by adding these cyclic
vectors we can see to it that the coefficients of the v} for p < k < m are
bounded. Now define P to be the set of

_)O‘f‘ Z )\jﬁjENn

0<j<m

w
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where \; < v + m|p/2%| for all 0 < j < m. Then

MAN' = Ja+ Y N+ > wadi

ueP 0<j<p 0<j<p<k<m

with all A;, x; 1 > 0. Now we have achieved that all jth coordinates of vectors
are positive. O
The following is now immediate.

Lemma 2.6 Let M C Q" be an affine subspace. Then MNN" is a semilinear
subset of N™.

Lemma 2.7 The intersection of two semilinear sets is again semilinear.

Proof. It is enough to show the claim for linear sets. So, let Cy = {u; : i <
m}, Cy = {7; : i <n}and Sy := X({th}; Cp) and Sy := X({#} }; C}) be linear.
We will show that Sy N .S; is semilinear. To see this, notice that @ € Sy NSy
iff there are natural numbers ; (i < m) and A; (j < n) such that

So, we have to show that the set of these w is semilinear.

The equations are now taken as linear equations with x;, ¢ < mand \;, i <
n, as variables. Thus we have equations for m + n variables. We solve these
equations first in Q™. They form an affine subspace of Q™" = Q™ & Q".
By the Lemma 2.6, the intersection of the set with N”**" is semilinear, and
so is its projection onto N™ (or to N" for that matter). Let it be U, Li,
where for each i < p, L; C N is linear. Thus there is a representation of L;
as

L; = 0+ Nijy + ... Nij,_,

Now put
Wi = {ty+ > _R(i)il; : i € L}
<m

From the construction we get that

Son Sy = Jw;

1<p



Define vectors q; := >, 7(j)ithi, i <y and 7:=C+ 3, 6(j)i;. Then
W;=7+Ng + ...+ Ng,_4
So, W; is linear. This shows the claim. O

Lemma 2.8 If S C N" is semilinear, so is its projection m,[S].

2.1 The Theorem

We need one more prerequisite. Say that a first-order theory 7" has quan-
tifier elimination if for every formula ¢(Z) there exists a quantifier free
formula x(Z) such that T'F ¢(&) <> x(&). We follow the proof of [3].

Theorem 2.9 (Presburger) Presburger Arithmetic has quantifier elimina-
tion.

Proof. It is enough to show that for every formula (3x)¢(, x) with ¢(¥, x)
quantifier free there exists a quantifier free formula y (%) such that

Z= (Vi((Fz)e(y, ) < x(¥))

Now, we may further eliminate negation (see the remarks above) and dis-
junctions inside (7, x) (since (Fz)(a V ) < (Fz)a VvV (Fz)F)). Finally, we
may assume that all conjuncts contain x. For if o does not contain x free,
(3z)(a A B) is equivalent to aw A (Jz)3. So, ¢ can be assumed to be a con-
junction of atomic formulae of the following form:

(Elx)(/\ nx =t; A /\ nx < t; A /\ njx >t A /\ n'r =, t!")
1<p 1<q i<r 1<s

Now, s = t is equivalent with ns = nt, so after suitable multiplication we
may see to it that all the n;, n}, n! and n}” are the same number v.

i
(Hx)(/\yx = TZ'/\/\VZE < TZ-//\/\I/ZE > Ti/,/\/\l/:)j = 71)
i<p 1<q i<r 1<s

We may rewrite the formula in the following way (replacing va by « and the
condition that z is divisible by v).

(Fz)(z EVO/\/\l‘iTi/\/\JZ<Ti’/\/\$>7'Z-”/\/\:L‘ = 71)

1<p 1<q i<r <8



Assume that p > 0. Then the first set of conjunctions is equivalent with the
conjunction of A;_;_ 7 = 7; (which does not contain z) and z = 7. We
may therefore eliminate all occurrences of x by 7y in the formula.

Thus, from now on we may assume that p = 0. Also, notice that z <
o Az < 7 is equivalent to (z < o Ao < 7)V(zx <7AT < o). This means
that we can assume ¢ < 1, and likewise that » < 1. Next we show that we
can actually have s < 1. To see this, notice the following.

Let u, v, w, x be integers, w,xz > 1, and let p be the least common
multiple of w and z. Then ged(p/w,p/x) = 1, and so there exist
integers m, n such that 1 =m - p/w+n-p/x. It follows that the
following are equivalent.

l.y=u (modw)and y=v (mod z)
2. u=v (mod ged(w,x))and y = m(p/w)ut+n(p/x)v  (mod p).

Using this equivalence we can reduce the congruence statements to a con-
junction of congruences where only one involves .

This leaves us with 8 possibilities. If r = 0 or s = 0 the formula is actually
trivially true. That is to say, (3z)(z < 7), 3x)(v < z), (Fz)(z =, ),
(Fz)(x <TAz =, §) and (Fz)(v < xAx =, ) are equivalent to T. Finally,
it is verified that

(Fz)(x < T AV <x) - vl <71
@A)z <TAv<zAT=RE) < Vi, (Tti+i <o ATHI+H =5, §)

O

Theorem 2.10 (Ginsburg & Spanier) A subset of N" is semilinear iff it
is definable in Presburger Arithmetic.

Proof. (=) Every semilinear set is definable in Presburger Arithmetic. To
see this it is enough to show that linear sets are definable. For if M is a union
of N;, i < p, and each N; is linear and hence definable by a formula ¢;(Z),
then M is definable by \/;_ ¢i(Z). Now let M = ¥+ Nvjy + ... + Ntj,,_1 be
linear. Then put

e(T) == (3yo)(Fy1) - - - (Fym—1) (/\ 0 <y A N@(E) + > yiii(i); = a;i))

i<m i<n j<m



©(Z) defines M. (=) Let o(Z) be a formula defining S. By Theorem 2.9,
there exists a quantifier free formula () defining S. Moreover, as we have
remarked above, x can be assumed to be negation free. Thus, y is a disjunc-
tion of conjunctions of atomic formulae. By Lemma 2.7, the set of semilinear
subsets of N™ is closed under intersection of members, and it is also closed
under union. Thus, all we need to show is that atomic formulae define semi-
linear sets. Now, observe that zg =, x1 is equivalent to (Jz2)(xo = z1+ma,),
which is semilinear, as it is the projection of xq = x1+mxy onto the first two
components. O

Corollary 2.11 The complement of a semilinear set is again semilinear.
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