Chapter 1

m-Linear Context-Free Rewriting Systems as
Abstract Categorial Grammars

PHILIPPE DE GROOTE, SYLVAIN POGODALLA

ABSTRACT.  This paper presents a coding of m-linear context-free rewriting systems (m-
LCFRS) into abstract categorial grammars (ACG). Thus, it shows the latter formalism, which
offers a powerful grammatical framework based on a small set of computational primitives, is
able to reach some interesting classes of languages w.r.t. natural language modeling.

I ntroduction

Abstract categorial grammars (ACG) (de Groote 2001) have the property of explic-
itly generating two languages: an abstract one and an object one. The former may
appear as a set of abstract grammatical structures and the latter as the set of the cor-
responding concrete forms. It then offers a framework in which other grammatical
models can be encoded, both in the structures and in the expressions they allow.
This encoding has been done for any G in the class of CFGs (de Groote 2001)
or in the classe of TAGs (de Groote 2002). This paper shows such an encoding for
m-linear context-free rewriting systems (m-LCFRS). This enables ACGs to cover
important (w.r.t. natural language modeling) classes of languages such as the ones
generated by, because of the weak equivalence between them, multicomponent
tree adjoining grammars (MCTAGS) (Weir 1988), multiple context-free grammars
(MCFG) (Seki et al. 1991) or minimal grammars (MG) (Michaelis 2001).

1.1 Abstract Categorial Grammars

This section defines the notion of an abstract categorial grammar. We first introduce
the notions of linear implicative types, higher-order linear signature, linear A-
terms built upon a higher-order linear signature, and lexicon.
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Definition. Let A be a set of atomic types. The set 7 (A) of linear implicative
types built upon A is inductively defined as follows:

1. ifa € A thena € T (A);

2. ifa,p € T(A), then (a o B) € T(A).

Definition. A higher-order linear signature consists of a triple ¥ = (A4,C, 1),
where:

1. Ais afinite set of atomic types;
2. C is a finite set of constants;

3. 7: C — J(A) is a function that assigns to each constant in C a linear
implicative type in 7 (A).

Definition. Let X be a infinite countable set of A-variables. The set A(X) of linear
A-terms built upon a higher-order linear signature ¥ = (A, C,7) is inductively
defined as follows:

1. ifce C,thenc € A(D);
2. ifz € X, thenz € A(D);

3. ifz € X,t € A(¥), and z occurs free in ¢ exactly once, then (Az.t) €
A(X);

4. if t,u € A(X), and the sets of free variables of ¢ and u are disjoint, then
(tu) € AX).

As usual, A(X) is provided with notion of capture avoiding a-conversion, substi-
tution and S-reduction (Barendregt 1984).

Given a higher-order linear signature ¥ = (A, C,7), each linear A-term in
A(X) may be assigned a linear implicative type in 7 (A). This type assignment
obeys an inference system whose judgements are sequents of the following form:

'y t:a
where:

1. T is a finite set of A-variable typing declarations of the form ‘z : * (with
z € X and 8 € 7 (A)), such that any A-variable is declared at most once;

2. t € A(D);
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3. ae J(A).
The axioms and inference rules are the following:
z:avrgt:B

+y c:7(c) (cons) Ty Owd) (@) (abs)

F'ryt:(a—oB) Argu:a
z:a vy x:a (var) T Ay (tu) (app)
’ X :

LetX; = (A1,Cq, 1) and 3o = (Ao, Cs, 72) be two higher-order linear signa-
tures, a lexicon .Z : X1 — X is a realization of X, into X, i.e., an interpretation
of the atomic types of X1 as types built upon A, together with an interpretation
of the constants of 31 as linear A-terms built upon 5. These two interpretations
must be such that their homomorphic extensions commute with the typing rela-
tions. More formally:

Definition. a lexicon . from 1 = (A1, C1,71) t0 X9 = (Ag, Ca, 72) is defined
to be a pair . = (F, G) such that:

1. F : Ay — Z(A2) is a function that interprets the atomic types of £, as
linear implicative types built upon As;

2. G : C1 — A(Z9) is a function that interprets the constants of ¥, as linear
A-terms built upon Xo;

3. the interpretation functions are compatible with the typing relation, i.e., for
any ¢ € (1, the following typing judgement is derivable:

3, G(e) : F(ni(0)),

where F' is the unique homomorphic extension of F. Similarly, G is the
unique A-term homomorphism from A(3;) to A(X2) that extends G.

In the sequel, when “.Z” will denote a lexicon, it will also denote the homo-
morphisms F and G (the intended meaning will be clear from the context).
We are now in a position of defining the notion of abstract categorial grammar.

Definition. An abstract categorial grammar is a quadruple ¥4 = (31, 3,.%Z, s)
where:

1. ¥ and X, are two higher-order linear signatures; they are called the ab-
stract vocabulary and the object vocabulary, respectively ;
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2. £ : 3%, — Xy is alexicon from the abstract vocabulary to the object vocab-
ulary;

3. s is an atomic type of the abstract vocabulary; it is called the distinguished
type of the grammar.

The abstract language .A(%¥) generated by ¢ is defined as follows:
AG) ={t € A(21)]| vy, t: sisderivable}

In words, the abstract language generated by ¢ is the set of closed linear A-terms,
built upon the abstract vocabulary 31, whose type is the distinguished type s. On
the other hand, the object language O(¥) generated by ¥ is defined to be the image
of the abstract language by the term homomorphism induced by the lexicon £

OF) = {t € A(S2) | Fu € AD). t = L(u)}

1.2 m-Linear Context-Free Rewriting Systems

In this section, we directly define the class of m-linear context-free rewriting sys-
tems (Vijay-Shanker et al. 1987; Weir 1988), even if it can be defined as a proper
subclass of the class of multiple context-free grammars (Seki et al. 1991; Michaelis
2001), the latter themselves being a subclass of the generalized context-free gram-
mars introduced by Pollard (1984).

Definition. A five-tuple G = (N, O, F, R, S) is a m-linear context-free rewriting
system (m-LCFRS) if:

1. N is afinite non-empty set of nonterminal symbols;

2. O = U (%) for some finite non-empty set ¥ of terminal symbols with
Y NN = (. O is thet set of all non-empty finite tuples of finite strings in X
such that each tuple has at most m components;

3. Fis afinite subset of | J,, ,,, Frn\{0} where F,, is the set of partial functions
from (O)™ into O. Moreover, for each f € F, there exist n(f) € N, d(f) €
Nand di(f),...,dn)(f) € Nsuch that:

£ UEEO, (£ D) o (5440 and

F{{@11, - Tray () -5 (@)1 - TPy (D)) =
(Frllyies - yingr)))s - - - Fany Qs - - - Ya(rn(fay)))
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with U?Lfl) U?gf){yij} = Uz:({) U?i:({){xij} and every f; is linear in each
of the yjx, i.e.: Vf € F,Vi € [1,d(f)], 3o, - - -, (s, € L* such that
FillYirs - - Yin(s))) = &io Yios (1) &it Yios(2) * * * Yios(n(fi) Ein(f:)

with o; permutation on [1,n(f;)]. We call = the (finite) set of all the ¢;; that
are defined in that way.

4. R CUycm(FNF) X N7™*1is afinite set of rewriting rules.

We usually write a rule r = (f, Xo, X1,..., X,) € (FN F,) x N**! for
somen € Nas Xo — f((X1,...,Xp)),and Xo — f()ifn=0. 1fn =0,
r is terminating, else it is nonterminating;

5. § € N is the distinguished start symbol;

6. there isa function d¢ from N to N such that if Xo — f((X1,...,Xn)) € R,
thend(f) = da(Xo) and d;(f) = dg(X;) where d(f) and d;(f) are asin 3;

7. dg(S) = 1.
We can now define the languages these grammars generate:

Definition. Foreach X € N andk € N, the set L% (X) C O is defined as follows:
o Lg(X)={0|X — f() € Rand () = 0}

o let Fp = {f € FI3X — f((X1,...,X,)) € R}. Then LEM(X) =
LE(X) Uncm Usery FULEXD), -, LE(XR)))

X derives @ in G if there exist X € N and k € N such that 8 € L%,(X). @ is
called an X-phrase in G. For each X € N, the language derivable from X by G
is L (X) = Ugen LE(X), and Lg(S) is the language derivable by G.

In addition, we need the definition of the associated parse trees.

Definition. T' = (D,, V') is a tree over V' iff y is a function from D., into V where
the domain D, is a finite subset of N* such that:

1. ifge D,,p<gq, thenp € D,;
2. ifp-jeDy,jeN, thenp-1,p-2,...,p-(j—1) € Dy

where N* is the free monoid generated by N, - is the binary operation, 0 is the
identity and for ¢ € N*,p < gqiffthereisar € N*suchthatq = p - r, and
p < qiff p < g and p#£q.

We say that D, = Dom(T') and y = Label(T").
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Definition. Foreach X € N and k € N, the set PT% (X)) of the parse trees derived
from X is defined as follows:

o PTG(X) ={({0}, {0~ (X, HPIX = f() € R}

o letry = {{f,X,X1,...,Xn) € R}. Then PTEH(X) = Upeyn Urern Tr

with T, = {({0} U Ui{z-Di}, {0 = (X, £) U Ui{i-w = 7i(w)) (D, 1) €
PT{(X)}

X derives T' in G if there exists X € N and k € N such that T € PTE(X).
T is called a X -parse tree in G. For each X € N, the parse trees derivable from
X by Gis PT(X) = Uen PTE(X), and PTG = Uy ey PTa(X) is the set of
parse trees of G.

Note that from PT¢, we can obviously recover L (X) with a linearization
function Lin, for all X € N. Indeed, by induction, if T € PT3(X), it exists X —
f() € R, and with Lin(T) = f() = 6,0 € L%(X) C La(X). If T € PTETH(X)
there exists (f, X, X1,...,X,) € Rand T; € PTE(X;). By induction hypothesis,
for each i < m, Lin(T;) € L& (X;), then Lin(T) = f({Lin(T1),...,Lin(T,))) =
@ is such that @ € LEM (X)) C La(X).

1.3 Building an ACG Equivalent to an m-LCFRS

In this section, we present the main result of this paper.

Theorem. For every m-LCFRS G = (N, O, F, R, S), there exists an ACG % such
that:

e the abstract language A(%) of normal terms is isomorphic to the set of
parse-trees of G,

o the language generated by G coincides with the object language of ¥, i.e.
O(9%) = La(S).

Proof. First, we add to G a new symbol S’ and a new rule S’ — f¢(S) with
fs'({(z)) = =. This is because we model tuples with higher-order functions, and
we need to come back to strings at the end. Nevertheless, the generated language
is unchanged (we could avoid this by garanteeing that G is not recursive in S).

Then, we define 4%z = (21,%9,L,S’) with the abstract vocabulary ¥, =
<A1, Cl, 7'1) such that:

° A1 :NU{S,}
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o the set of constants C is a set of symbols in one-to-one correspondance with
R

e forc € Cyand (f, Xy, ...,X,) the corresponding rule, 71 (¢) = X; —o---—0
Xn —0 X()

Using the usual encoding of the type o of strings from an arbitrary atomic type
* With o = * —o %, the empty string being Az.zx, the string made from one character
a being A\z.za and the concatenation operation + being defined as A f.Ag.Az. f(gz)
(which is an associative operator that admits the identity function as a unit), we can
define the object vocabulary as follows (considering ¢ as an atomic type):

o Ay ={o};

o Co={f10)s-- -, fapn 03X = f() € R, f() = (£10,-- -, fary D)} UE;
e 79 is defined as assigning the type o to each ¢ € Cj.

Then we define the lexicon . with:

o £(S') =o,thenforevery X € N, Z(X) = (0 —©...—00—00) <0
dg(X)times
(note that £ (S) = (0 —0 o) — 0);

e forevery ¢ € C that corresponds to arule (f, Xy, X1, ..., X,) with Xq#S’
and

f(<<$113 cee x1d1(f))7 KR! <xn(f)17 .. xn(f)dn(f)(f)») =
(Frllyres - Yangro)))s - - Faery QWagns - - - Yagrn(fasy)))

With fi (i1, - - - Yin(f:))) = &i0 Yios (1) §il Yios(2) ** * Yiors (n(f2)) Sin(f:)

Let ui = &io + Yio;(1) + &1 + Yioy(2) """ Yios(n(s:)) T+ in(py) TOr each i €
[1, d(f)], then, with .’fz =21 midi(f)! we have:

.,S,”(c) = )\Tl s Tng.Tl (/\fl.TQ()\fQ.Tg(- . Tn(Afn(f) guy - - ud(f)) s )))
Indeed, this is a term of A(X2) because of the linearity condition on f and
the f;.

Note that if ¢ : X and X is an atomic type, then f comes from a terminating
rule, £() = (f10,---, fap)()) and Z(c) = Ag.gf1() - -~ fa(r) -

If ¢ correspond to the rule (fs:, S’, S), then Z(c) = At.t(Az.x).

Then we build I a mapping from the normal terms of A(X;) that are of atomic
types onto the derivation trees of G by induction as follows:
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e if c € (4, cof type @ € N and correspond to the rule « — f(), I(c) =

({0},{0 = (e, 1)}

e ift = cuy -- - uy, (in head normal form) is of type a € N with ¢ € C; cor-
responding to the rule (f, o, a1, -+ , ) Where w; is of type a; € N, then
m = n (because ¢ is of atomic type) and I(¢) = ({0} Ui, :-Dom(I(u;)), {0 —
(a, f), and for all 2 < m, i - w — Label(I(u;))(w))

e no other case has to be considered since we consider only terms with atomic
type.

By induction on the parse trees of G, is it easy to prove that I is an isomor-
phism. Induction hypothesis H(n): Vk < n, VX € N, T € PTE(X) iff there
exists a unique ¢ € A(2;), in normal form and of atomic type, such that 7" = I(¢).

en =0 VX € N, T € PTA(X) iff there exists X — f() € R, iff there
exists a unique ¢ € C; corresponding to X — f() and ¢ of atomic type X,
iff there exists a unique ¢ = ¢ € C such that T = I(t) (by definition of T
and I(t));

e n > 1:if k < n, its trivial by induction hypothesis. If k =n,VX € N,T €
PTE(X) iff there exists (f, X, X1,...,Xn) € Rand T; € PT5H(X;),
iff there exists a unique ¢ € C; corresponding to (f, o, a1, , ) and
(induction hypothesis) for all i < n, 3lu; € A(X2) such that T; = I(u;), iff
there exists a unique ¢t = cu; - - - uy, such that 7' = I(t) (by definition of T
and 1(t)).

We prove O(%;) = L¢(S) in two steps:

e any tuple (z1,...,z,) ismodeled in A(X2) by A\f.fz1-- -z,

e by induction, we prove that for every t € A(X;) that is of atomic type,
Z(t) = A\g.gz1 - - - Ty, Where (z1, ..., z,) = Lin(I(1)).

Iltisclearift = ¢ € Cy. Ift = cty...t,, with ¢ € Cy corresponding to
the rule (f, Xo, X1,--- , Xy), and by induction hypothesis, for each i < n,
f(tz) = \g.gT;1 """ Tid(f) with Lm(I(tz)) = <$1‘1 v 'Tzd,(f))
So, using the same notations as in the definition of .Z, we have

L) =Z()ZL(t) - L(tn)
= (ATy - - Tpg Ty (AE1.To(- -+ ) (ARRaT) - - - L ()
= (ATy - Tpg-.To (A2 T3(- -+ ))) L (t2) - - - L (tn)

= Ag.gu1 - Uq(f)
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Since Lin(I(¢)) = (uq, ... ,u,) when identifying strings and their coding in
A(39), this ends the proof (by definition of the u;).
O

1.4 Example

This section provides an example from G = (N, O, F, R, S) the 5-LCFRS defined
as follows:

e N={A,S}

o we have the following rules:

ro: 8= S fol{z)) ==z

r: S—A f1(<.’E1,...,.’E5)):<.CE1+---+.CE5>

ro: A=A fol{z1,...,75)) = (z1+a,..., 75+ €)
r3: A f3() = <G,, b,C,d,e)

G generates the language L (S') = {a™b"c"d"e"|n > 0}.
Following the rules given in the previous section to build the ACG %, we
have:

A1 ={A,8,5'} Ay = {0}
Cl = {’1"0,7‘1,‘1"2,7"3} CQ = {a, b,c,d,e}
T1 (7“0) = S —0 SI
. T1 (7‘1) =A-—oS . .
71 is such that (rs) = A —o A T9 1S the constant function o
T1 (7‘3) = A

(8') =

(5) = (0 —0) o0

(A)=(0c 00 —00—o00—o00—00)—o00

(ro) = Att(Az.z)

(1) = AT Ag.T (A\z122030425.9(21 + 22 + 23 + T4 + T5))

ZL(re) = \T A\g.T(Az122232475.9(21 + a)(z2 + b)(z3 + ¢) (24 + d)(z5 + €))
Z(r3) = Ag.gabcde

For instance, we can compute:

ZL(ro(ri(ra(rs)))) = L(ro)(L(r)(ZL(r2)(L(r3))))
Z(r0)(Z(r1)(Ag-g(a + a)(b+b)(c +c)(d + d)(e +¢)))
ZL(ro)(Aggla+a+b+b+c+c+d+d+e+e))
—a+a+b+b+c+c+d+d+e+e

M hiKkR
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Conclusion

This paper gives a coding of m-linear context-free rewriting systems into abstract
categorial grammars. After the coding of CFGs and TAGsS, it shows ACGs to cover
still a larger class of languages. ldentifying their exact expressive power remains
an open problem.

Importantly, it also outlines the ability of ACGs to appear as the kernel of a
grammatical framework in which other existing grammatical models may be en-
coded.
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