Chapter 1

Someremarkson arbitrary multiple pattern
inter pretations

C. MARTIN-VIDE, V. MITRANA

ABSTRACT. A word w is obtained by an arbitrary n-pattern interpretation of a word
x if there are n homomorphisms h1, ho,...,hy and a positive integer k such that w =
hiy (@)hiy () - - hgy () with 1 < 45 < nforall 1 < j < k. This arbitrary multiple
pattern interpretation of words is naturally extended to languages. We investigate some closure
properties of the families of languages obtained by arbitrary multiple pattern interpretations of
finite, regular, and context-free languages, respectively. We show that the first of these families
forms an infinite hierarchy and give a characterization of the arbitrary multiple pattern inter-
pretation of finite languages. Two concepts of ambiguity and inherent ambiguity of multiple
pattern interpretation are defined. It is shown that both properties are decidable for multiple pat-
tern interpretations on finite languages but strong ambiguity is not decidable for multiple pattern
interpretations on the class of context-free languages. The paper also contains a series of open
problems.

1.1 Introduction

In Angluin (1980), a new way for defining a language is considered. Instead of
identifying completely a language by generative devices as formal grammars or
by recognition devices as automata, sometimes it is useful to consider less strict
definitions. In the aforementioned work, the notion of pattern is defined as a
word containing variables and constants, and then the language defined by a pattern
« consists of all words obtained from « by substituting a string of constants for
each variable. The substitution has to be uniform in the sense that the multiple
occurrences of a variable must be replaced with the same string.

In the seminal work of Angluin 1980 the variables have to be replaced with
nonempty strings, while in Jiang et al. (1994) substitutions by empty strings are
allowed, which makes an essential difference. In Restivo and Salemi (2002), one
proposes a generalization of this definition: the distinction between variables and
constants is discarded. Given two strings = and w, possibly over the same alphabet,
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x is a pattern description of a string w (w is obtained by a pattern interpretation
of x) if w is the homomorphic image of z: in other words, there exists a homomor-
phism h such that w = h(z).

Programming languages can be viewed as pattern interpretations of some lan-
guages. For instance, the main non-context-free features of programming lan-
guages are the necessity to define labels and the necessity to declare identifiers.
The necessity of defining labels can be expressed by pattern interpretation in the
following way. A correct program containing labels should be the pattern interpre-
tation of the following general description:

(part_pro); (label) : (statement) (part_pro), goto (label) (part_pro)s,

where (label), (statement) and (part_pro);, i = 1,2, 3, are variables representing
labels, statements or other parts of a program, respectively. By interpreting this
pattern, we have to substitute the two occurrences of the variable (label) by the
same string of constants, hence observing the semantic restriction regarding labels
definition.

In Kudlek et al. (2003) we propose a new pattern interpretation, namely multi-
ple pattern interpretation. A word w is obtained by an arbitrary n-pattern interpre-
tation of a word x if there are some homomorphisms hq, ho, ..., h,, and k& > 1,
such that w = h;, (x)hi, (z) - - b (x), 1 < i; < nforall1 < j < k. This ar-
bitrary multiple pattern interpretation of words is naturally extended to languages,
namely a language L is the arbitrary multiple pattern interpretation of another lan-
guage F if L contains all words which are obtained by the same arbitrary multiple
pattern interpretation of the words in E.

Multiple pattern interpretations seem to be of basic concern for linguists. In-
deed, one may say that each sentence follows a pattern which is an element of a
finite or infinite set, that is a language.

Let us first consider the following aspect of language acquisition: two-word
utterances in the speech of a two-year old child, in accordance with Owens (2001).
To understand them, linguists proposed several strategies actually based on ordered
or arbitrary multiple pattern interpretations. First, some words are used without
any positional consistency (agent+action, action+object, agent+object): the so-called
grouping pattern in Brown and Leonard (1986). For example, the child may say
“Eat cookie” or “Cookie eat”. Secondly, the utterance is characterized by a con-
sistent word order which reflects patterns heard in adult speech: the so-called po-
sitional associative pattern, see Braine (1976). A third strategy, called positional
productive pattern (Braine (1976)), is characterized by consistent word order and
creative combinations. That is, children hypothesize a mini-language of patterns
(attribute+ entity, possessor+possession, demonstrative+entity, agent+action, etc.) and
then interpret these patterns by words repeatedly heard in specific locations in adult
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speech. It has been suggested that positional rules rather than semantic rules are
the basis for early multiword utterances (Pine and Lieven (1993)). This strategy
applies to adult speech as well, especially for nonnative speakers. For instance, a
part of a speech can be constructed by an ordered interpretation of the word:

articlet+adjective+ noun+ verb+ pronoun+ noun+adverb.

By interpreting this word through a two-pattern interpretation, one gets the sen-
tences:

The young man ate his hamburger quickly.
A mad racer drove his car recklessly.

On the other hand, syntactic theory is concerned, unlike traditional grammar,
not with just describing specific languages but also with developing a general, uni-
versal theory. According to Borsley (1999), this means that other languages are
always potentially relevant when one is describing a particular language. Thus,
following Chomsky (1965, 1975); Kolb and Mdnnich (1999), there exists a non-
trivial set of axioms and a learnable extension of it that specify a possible natural
language, and every natural language has a theory which is a learnable extension of
the initial set. One has to determine a set of primitive blocks, operations which act
on these blocks, an initial set and a learning procedure which maps the (primitive
blocks of the) initial set onto the (utterances of the) steady state.

Furthermore, the principles-and-parameters-model discussed in Vogler (1999)
has been established as a grammar formalism, based on the GB theory (Chomsky
(1981, 1986)), aimed at describing the syntactical knowledge in a way that gives
answers to questions concerning language acquisition and universal properties of
languages. Thus, one may assume that the kernel of GB theory consists of a set
of principles (= wellformedness conditions) and a way of interpreting them. In
this respect, our multiple pattern interpretation of a language may be viewed as a
particular case of such a general model.

1.2 Basic definitions

Let V and U be two alphabets. For a given integer n > 1, we denote by Q,, v.¢s
an n-tuple (hq, ha, ..., hy) of homomorphisms from V* to U*, and call it an n-
pattern interpretation. The subscripts indicating the alphabets will be omitted
when the two alphabets are self-understood. A multiple pattern interpretation is
said to be non-erasing if all its components are non-erasing homomorphisms. For
the rest of this paper, if not otherwise stated, all multiple pattern interpretations are
non-erasing ones.
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The arbitrary multiple pattern interpretation of L C V* through €,, v1 is the
language:

nvu(L) = Ay (W)hiy(w) -+ hi (w) |w € L,r > 1,1 <ij <n,
forall 1 <j <r}.

If n = 1, hence 2 consists of a single homomorphism A from V* to U*, we
write hj,; (L), or h*(L) provided that the alphabets V" and U are self-understood
from the context.

A homomorphism h : V* — U™ is termed a letter-to-letter homomorphism
if h(a) € U forany a € V. A multiple pattern interpretation whose all compo-
nents are letter-to letter homomorphism is called a multiple pattern letter-to-letter
interpretation. The following families of languages are defined:

HOM;,(X) = {Q v (L) | for some n-pattern interpretation €2,, v,is
and L € X},
LHOM; (X) = {Q,vy(L)]| for some n-pattern letter-to-letter

interpretation Q,, vy and L € X},

where X € {FIN,REG, CF}. Here FIN, REG, CF, stand for the families of
finite, regular, and context-free languages, respectively.

The above definition of a multiple pattern interpretation remembers the def-
inition of a DTOL scheme, a very well-known type of Lindenmayer system. A
DTOL scheme may be viewed as a multiple pattern interpretation ,, vy, hence
the n_ homomorphisms are actually endomorphisms on V' *. However, the way of
interpreting a word through a DTOL scheme is different. A word w is obtained
by a the DTOL scheme €2,, v,/ interpretation of a word x if there exists a positive
integer & such that w = h;, o hj, o... 0 h; (x), 1 <i; <n,1 <j <k. Notethe
main difference: an arbitrary multiple pattern interpretation of a word is defined
by a concatenation of the homomorphic images of that word while the interpreta-
tion through a DTOL scheme is a composition of the homomorphic images of that
word. For more details about Lindenmayer systems the reader is referred to Rozen-
berg and Salomaa (1980). This makes an essential difference with respect to the
families of languages obtained by these interpretation, namely the two families are
incomparable. Indeed, the language {a3" | n > 0} can be obtained by interpret-
ing the singleton set {a} through the DTOL scheme formed by the homomorphism
h(a) = aaa, but it cannot be the arbitrary multiple pattern interpretation of any
language since 2 - 3™ cannot be written as a power of 3. On the other hand, the
regular language R = {a®" | n > 1} is the arbitrary 1-pattern interpretation of the
same singleton set {a} but it cannot be obtained by interpreting any finite language
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through a DTOL scheme. Assume the contrary, namely R is obtained by interpret-
ing a finite language through the DTOL scheme Q,, = (hq, ha, ..., hy). Since a??
with p an arbitrarily large prime number is in R, it follows that a?? = h;(a?*)
forsome 1 < i < mand & > 1. This implies that £ = 1 and h;(a) = aP. The
contradiction follows from the fact that there are many prime numbers.

1.3 Some properties of the languages obtained by arbi-
trary multiple pattern interpretations

Clearly, for any alphabet V' = {aj,as,...,a,} we have V* = QZ,{a},v({a})’
where Q, i1 v = (h1,he, ..., hy), €ach h; being defined by h;(a) = a;. Itis
worth mentioning here a similar fact observed for pattern descriptions (Restivo and
Salemi (2002)), namely the “worst” description of any word w (in the sense that
this description gives the least information about the structure of w) is the word a.
On the other hand, it is easy to note that any language in HOM (FIN) is either
{e} or infinite.

Note that if L is a finite language, then any language obtained by an arbitrary
multiple pattern interpretation of L is a regular language. Indeed, for any 2,, =
(h1,ha, ..., hy)

QL) = U {ha(w), ha(w), ... ha(w)}* (%)

weL

holds. However, there are regular languages that are not the arbitrary multiple
pattern interpretation of any language, finite or not. Such a language is a b ™. This
follows immediately from a simple observation: if a word w lies in a language L
defined by a multiple pattern interpretation of an arbitrary language, then ww must
lie in L, too. Therefore, the following problem naturally arises: Is it decidable
whether or not a given a context-free (regular) language is the arbitrary multiple
pattern interpretation of a finite language?

First, we give a characterization of regular languages that can be obtained by
an arbitrary multiple pattern interpretation of a finite language.

Proposition 1.3.1 A regular language is the arbitrary multiple pattern interpre-
tation of a finite language if and only if it is a finite union of finitely generated
semigroups W.r.t. concatenation.

Proof : Clearly, if any arbitrary multiple pattern interpretation of a finite lan-
guage is a finite union of finitely generated semigroups w.r.t. concatenation, see
(*) above.
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Assume now that L = i-“:l FZ* C U* for some £ > 1 and finite sets
F\,F5, ..., F,. Letp = max{card(F;) | 1 < ¢ < k}. Itis plain that for
each 1 < i < k, one can find F/ such that card(F}) = p and (F/)* = F;'.
Suppose that F] = {x&"),mg),...,:pl(f)}, 1 < i < k. We define the alphabet
V = {ai,a9,...,a;} and the homomorphisms h; : V* — U*, 1 < j < p,
hj(a;) = xgl). The equality (V') = L, where Q, = (h1, ha, ..., hy), concludes
the proof. O

Now the aforementioned problem can be reformulated as follows: Is it decid-
able whether or not a given regular language can be written as a finite union of
finitely generated semigroups w.r.t. concatenation? Despite the problem seems to
be “classic”, we were not able to find any result regarding this matter either to solve
it. The problem is likely decidable for subclasses of regular languages, like slender
regular languages (Paun and Salomaa (1995)) but the general case remains open.

For the class of context-free languages the problem was solved in Kudlek et al.
(2003) by a usual reduction to the Post Correspondence Problem:

Theorem 1.3.1 Is it undecidable whether or not a given a context-free language
is the arbitrary multiple pattern interpretation of a finite language.

It is worth mentioning that there are non-context-free languages in
LHOM; (REG), for any n > 1. However, for each & > 1, the family
HOM,(CF) contains context-sensitive languages only.

Proposition 1.3.2 For any k¥ > 1, HOM,,(CF) C NSPACE(n).

Proof : Given L. C V* (by a context-free grammar or a pushdown automaton)
and Qv = (hi,he,..., k) for some alphabet U, it is easy to construct an
on-line Turing machine M with one storage tape which works as follows:

- The read-only input tape contains the string w of length n which is to be
analyzed. M guesses a pair (z,i), where x € V* is written on the storage tape,
|z < n,and 1 < i < ksuch that h;(x) is a prefix of w.

- Then, M checks whether or not x € L. If z € L, then M chooses nondeter-
ministically 1 < j < & and checks whether or not h;(x) is the next factor of w,
and continues in this way until the input string is completely read. When the input
string is completely read, M accepts w.

- If there is no pair (z, %) as above, then M rejects w. Clearly, M accepts w iff
w € QF (L) and the total space used on the storage tape is bounded by |w]. O

It is easy to note that the family CF in the above proof can be replaced by the
family of context-sensitive languages.
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As far as the possibility of having infinite hierarchies of families of languages
defined by arbitrary multiple pattern interpretations of finite, regular, or context-
free languages is concerned, we state the following partial result:

Theorem 1.3.2 Both hierarchies HOM;,(FIN) <€ HOM,  (FIN) and
LHOM;, (FIN) C LHOM;, | (FIN) are infinite.

Proof : For a given n we consider the alphabet V,, = {aj,az,...,a,}. It
is obvious that V- € LHOM; (FIN). Assume now that V,F = QX (L),

where Q,,_1 = (hy,h2,...,hp—1) and L is a finite language. We take z =
al'ab? ...abn € V,t for arbitrarily large py,pa,...,p,. Assume that » =
by (@) h2)(x) . .. bk (z) for some k > 1. Since L is finite and p1, pa2, ..., pn
are arbitrarily large, it follows that there are 1 < j4,js,...,75, < k such that
hi joy(x) € ai forall 1 <t < n, which is contradictory. O

We do not know whether any of the hierarchies HOM},(X) € HOM;, (X)),
LHOM; (X) C LHOM;,, ,(X), X € {REG, CF}, is infinite.

1.3.1 Closure properties

Theorem 1.3.3 1. For eachn > 1, and X € {FIN,REG, CF} the family
HOM;, (X)) is closed under union and homomorphisms but fails to be closed under
concatenation, intersection with regular sets, complement, and set difference.

Proof : Union: Let

Uik 2 Ll = ﬁ;(Xl)aXl - Vi*’Xl € FIN7
UQ* 2 L2 = Q;(XQ)aXQ - VYQ*’X2 € FIN7
where n > 1,

Qn = (hl,hg, . 7hn) and Qn = (gl,gg,. .. 7gn)-

Without loss of generality we may assume that V; and V5 are disjoint. We define
Q, = (s1,82,...,8,), where each homomorphism s; : (V1UV,)* — (U1 UU3)*,
1 < i < n, is defined by
) hi(a), ifac WV
si(a) = { gi(a), ifae Vs
Obviously, L1 U Ly = Q;kl+m(X1 U XQ)
Homomorphisms: Let Q,, = (hq, ha, ..., hy) be an n-pattern interpretation,
h;, : V* — U*foralll <i<mn,and g : U* — W™ be an arbitrary homo-
morphism. It is plain that Q* (L) = Q (L) holds for any language L C V* and
Qn = (90h1,90h2>---790hn)-
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Concatenation: Both languages o™ and b are multiple pattern interpretation
of finite languages, but a™b™ cannot be the multiple pattern interpretation of any
language.

Intersection with regular sets: It follows immediate from the fact that V' * is a
multiple pattern interpretation of a finite language whereas there are regular lan-
guages which cannot be obtained by a multiple pattern interpretation of any lan-
guage.

Complement and set difference: We take the language L = {a®" | n > 1} =
h*({a}), where h(a) = aa. But L = {a}* \ L cannot be the arbitrary multiple
pattern interpretation of any language since if w € L, then ww is also in L, hence
both |w| and |ww| must be odd, which is contradictory. O

We do not know whether or not a family HOM,,(X) as above is closed un-
der Kleene closure, but the next result may be interpreted as follows: The Kleene
closure of an arbitrary multiple pattern interpretation looses, in some cases, infor-
mation about the structure imposed by the pattern interpretation. Formally,

Theorem 1.3.4 Let F be a family of languages closed under homomorphisms and
union. Then, the Kleene closure of any arbitrary multiple pattern interpretation of
alanguage in Fisin F.

Proof : Let L C V* be a language in F and 2,, = (hq, ho,...,hy,) be an
n-pattern interpretation, for somen > land h; : V* — U*, 1 < i < n. We
construct the new alphabets V; = {a; | a € V} and define the letter-to-letter
homomorphisms ¢; : V* — V¥, ¢i(a) = a;, 1 < i < n. We now consider the
language

n

R = (U Ci(L))*7

=1
which is still in F, and the homomorphism ¢ : (U ,V;)* — U*, defined by
g(a;) = hi(a) forall 1 <i <n,and a € V. We claim that

g9(R) = (2, (L))"

holds. Indeed, if = = g(y) € g(R), then y = z122... 2, With 7; = c(; 5)(2;),
zj€ L,1 <5 <p. But

Z=4go c(m)(zl) ...go c(w)(zp) = h(i,l)(zl) ce h(i,p)(zp) c (QZ(L))*

Conversely, if y = z125... 2, € (2% (L))*, then there are the strings =1, zo, ..., z,
in L and the positive integers k1, ko, . .., k. such that z; = h(i,1)(9€z‘) e h(i,,ﬂ)(mi),
1< (i,1), (i2),..., (i,ki) <n,1 <i<r. Hence

y = glca,n(®1) - e ) (1)e@ ) (T2) - - - co k) (T2) - - - 1y () - - - Clrgeyy (1)),
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therefore y € g(R). O

Coroallary 1.3.1 The Kleene closure of any arbitrary multiple pattern interpreta-
tion of a regular (context-free) language is regular (context-free).

1.3.2 Ambiguity

Given an n-pattern interpretation ,, = (hq, ho, ..., h,) and a language L, we say
that €2,, is weakly ambiguous on L if there exists a word « € L such that

hil ('T)hlz ('T) T hik (l') = hjl (l')hjé (l') T hjp ('T)a

holds for some k,p > 1.

Given an n-pattern interpretation 2,, = (hq, hs, ..., h,,) and a language L, we
say that €2,, is strongly ambiguous on L if there exist two different words x and y
in L such that:

hiy (Y)hiy (y) -+ hi (y) = hjy (2)hyy () -+ - By, (2),

holds for some k,p > 1.
If ©2,, is weakly/strongly ambiguous on any language L in a family of languages
F, then ©,, is said to be inherently weak/strong ambiguous on F'.

Theorem 1.3.5 It is decidable whether or not an arbitrary multiple pattern inter-
pretation is weakly/strongly ambiguous on a finite language L.

Proof : First we discuss how the strong ambiguity can be algorithmically
checked. Let L = {z1,x2,..., 25} C V* and €, v an arbitrary multiple pat-
tern interpretation. We set L, = L\ {z;} forany 1 < i < k. Itis plain that
€2, is not strongly ambiguous on L if and only if Q% (L;) N Q ({z;}) = 0 for all
1 < < k. Since QF (L;)N: ({x;}) is aregular language which can be effectively
constructed and the emptiness problem is decidable for regular languages, we are
done.

Let h;(z;) = wigy, 1 <1 < n, 1< j < k; clearly Q,, is not weakly
ambiguous if and only if for each 1 < i < n the following two conditions are
satisfied:

() wei ) # Wiy L <G #1 <K,

(i) {w,1y,we ), Wik} 1S @ code, or equivalently the semigroup
{w(i,1)7 W 2)s-- - ,w(i7k)}+ is free.

Obviously, the first condition can be algorithmically checked while the sec-
ond condition can be checked by Sardinas-Paterson algorithm (Berstel and Perrin
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(1984)) for testing injectivity of the homomorphism f : {a1,aq,...,a;}* — U*
defined by f(a;) = w; ), 1 < j < k. Itis known that, provided (i) holds, (ii) is
satisfied if and only if f is injective (see, Shyr and Thierrin (1977)). O

Theorem 1.3.6 Let F be a family of languages having the following two proper-
ties:

1. It is effectively closed under union, letter-to-letter homomorphisms and con-
catenation with symbols.

2. The problem “Given two languages L1, Lo € F, is L1 N Ly empty?” is
undecidable.

Then, given an n-pattern interpretation 2,,, n > 1, and a language L € F,
one cannot algorithmically decide whether or not €2,, is strongly ambiguous on L.

Proof : Let L; C V{* and Lo C V5 be two arbitrary languages in F. We
construct the letter-to-letter homomorphism ¢ : Vo' — U*, where U = {X, |
a € V} such that U N'V; = (), defined by g(a) = X, for each a € V5, and then
consider the language

L = {S}L1{#} U {S}g(L2){#},

where $ and # are two new symbols. Now we take the homomorphism A : (V3 U
UU{$, #})* — (V1 UVQU{$, #})*, defined by h(a) =afora € V7, h(Xb) =b
forall b € V5, and h($) = 8, h(#) = #.

Clearly, h is strongly ambiguous on L if and only if L; N Ly # (0. Indeed, if
w € Ly N Lo, then $g(w)# € {$}g(L2){#} C L and $g(w)+ is different than
$w+#. But h($w#) = h($g(w)#), hence h is strongly ambiguous on L.

Conversely, if h is strongly ambiguous on L, then there are z,y € L, x # v,
such that »™(z) = h™(y) for some positive integers n, m. As h¥(z) contains
exactly k£ occurrences of $ for any £ > 1 and z € L, it follows that n = m. By
the definition of h, one cannot have both strings either from {$} L, {#} or from
{$}g(La){#}. Assume that x = $z#, with 2 € Ly, and y = $g(w)#, with
w € Lo (the other case may be treated similarly). For h™(z) = h"(y), it follows
that ($2#)" = (Sw#)", hence z = w, that is Ly N Ly # 0. O

Since the family of context-free languages has all properties above, we get:

Corollary 1.3.2 Given an n-pattern interpretation €2,,, n > 1, and a context-free
language L, one cannot algorithmically decide whether or not €2, is strongly am-
biguous on L.

The decidability status of the weak ambiguity remains open.
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1.4 Conclusion and further work

We have investigated some properties of the families of languages obtained by arbi-
trary multiple pattern interpretations of finite, regular, and context-free languages.
Some closure properties, most of them being negative results, of these families
were presented. In spite of the fact that a characterization of the arbitrary mul-
tiple pattern interpretation of finite languages was given the problem of deciding
whether or not a regular language is such a language remained open. Two con-
cepts of ambiguity and inherent ambiguity of multiple pattern interpretation were
defined. It was shown that both properties were decidable for multiple pattern inter-
pretations on finite languages but strong ambiguity was not decidable for multiple
pattern interpretations on the class of context-free languages.

We finish with a brief discussion about some directions for further research.
A multiple pattern interpretation is said to be inherently weakly/strongly ambigu-
ous on a family of languages X if it is weakly/strongly ambiguous on any lan-
guage in X. Clearly, there exist multiple pattern interpretations which are inherently
weakly/strongly ambiguous on a given family X; it suffices to take all the homo-
morphic images as being power of a common word. A language L € HOM (X)
is said to be inherently weakly/strongly ambiguous if for any multiple pattern inter-
pretation 2, such that 2 (E') = L, for some E € X, then ©,, is weakly/strongly
ambiguous on E. Note that it is not obligatory €2,, be inherently ambiguous on X.
We hope to return to this topic in a further work.
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