Chapter 1

Global Index Grammar s and Descriptive Power

JOSE M. CASTANO

ABSTRACT. We review the properties of Global Index Grammars (GIGs), a grammar formal-
ism that uses a stack of indices associated with productions and has restricted context-sensitive
power. We show how the control of the derivation is performed and how this impacts in the
descriptive power of this formalism both in the string languages and the structural descriptions
that GIGs can generate.

1.1 Introduction

The notion of mild context-sensitivity was introduced in Joshi (1985) as a possible
model to express the required properties of formalisms that might describe Natural
Language (NL) phenomena. It requires four properties:! a) constant growth prop-
erty (or the stronger semilinearity property); b) polynomial parsability; c) limited
cross-serial dependencies, i.e. some limited context-sensitivity d) proper inclusion
of context free languages. The canonical NL problems which exceed context free
power are: multiple agreements, reduplication, crossing dependencies.?

Many formalisms have been proposed to extend the power of context-free
grammars using control devices, where the control device is a context-free gram-
mar (see Dassow et al. (1997) regarding control languages). The appeal of this
approach is that many of the attractive properties of context-free languages may
be inherited (e.g. polynomial parsability, semilinearity, closure properties). Those
models can be generalized such that additional control levels® can be added. They

1See for example, Joshi et al. (1991), Weir (1988).

2However other phenomena (e.g. scrambling, Georgian Case and Chinese numbers) might be
considered to be beyond certain mildly context-sensitive formalisms.

3The corresponding automaton models use embedded or an additional constrained stack. In such
case, the generalization and hierarchy of levelsis obtained using additional levels of embeddedness,
or additional stacks (cf. Weir (1988), Cherubini et al. (1996)).
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form hierarchies of levels of languages, where a language of level & properly in-
cludes a language of level £ — 1. For example in Weir (1992), Mildly Context-
sensitive Languages (MCSLs) are characterized by such a geometric hierarchy of
control grammar levels (see also, Khabbaz (1974), Seki et al. (1991), Cherubini
et al. (1996)). Those generalizations provide more expressive power but at a com-
putational cost: the complexity of the recognition problem is dependent on the
language level: for a MCSL level-k it is in O(n®2' ™).

In Castafio (2003), we introduced Global Index Grammars (GIGs) and the
corresponding languages, GILs. We presented a Chomsky-Schiitzenberger rep-
resentation theorem for GILs. We showed that GIGs have enough descriptive
power to capture the three phenomena mentioned above (reduplication, multi-
ple agreements, and crossed agreements) in their generalized forms. GILs in-
clude such languages as {ww*t |w € ¥*}, {a"b™(c"d™)* | n m > 1} and
{ a®(™c™)* | n > 1} which are beyond the power of Tree Adjoining Languages
and beyond the power of any level-% control language. Recognition of the language
generated by a GIG is in bounded polynomial time: O(n®), however for bounded
state grammars with unambiguous indexing it is O(n).

The equivalent model of automata was presented in Castafio (2003b). Also an
algorithm to construct an LR parsing table for GILs was presented there. The au-
tomaton model and the grammar can be used to prove that the family of GILs is
an Abstract Family of Languages using the same techniques to prove it for CFLs
(cf. Castafio (2003b)). GILs have also the semilinear property, a proof can be eas-
ily built following the proof presented in Harju et al. (2001) for counter automata.
Therefore GILs have at least three of the four properties required for Mildly con-
text sensitivity: a) semi-linearity b) polynomial parsability c) proper inclusion of
context free languages. The fourth property, limited cross-serial dependencies does
not hold of GILs given they contain the MIX (or Bach) language.

The goal of this paper is to show how the properties of GILs are related to
the peculiarities of the control device that regulates the derivation. Though this
mechanism looks similar to the control device in Linear Indexed Grammars (LIGs,
cf. Gazdar (1988)), its behavior differs relative to the trees generated by both
formalisms.

GIGs offer additional descriptive power as compared to LIGs (and weakly
equivalent formalisms) regarding the canonical NL problems mentioned above,
and the same computational cost in terms of asymptotic complexity. They also
offer additional descriptive power in terms of the structural descriptions they can
generate for the same set of string languages, being able to produce dependent
paths.* However those dependent paths are not obtained by encoding the depen-

4For the notion of dependent paths see for instance Vijay-Shanker et al. (1987) or Joshi (2000).
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dency in the path itself.

This paper is organized as follows: Section 2 reviews Global Index Grammars
and their properties, we give examples of its weak descriptive power and we discuss
how control of the derivation is performed in GIGs. Section 3 discusses the strong
descriptive power of GIGs.

1.2 Global Index Grammars

1.2.1 Linear Indexed Grammars

Indexed grammars (IGs, Aho (1968)), and Linear Index Grammars, (LIGs; LILS)
Gazdar (1988), have the capability to associate stacks of indices with symbols in
the grammar rules. IGs are not semilinear. LIGs are Indexed Grammars with an
additional constraint in the form of the productions: the stack of indices can be
“transmitted” only to one non-terminal. As a consequence they are semilinear and
belong to the class of MCSGs.

A Linear Indexed Grammar is a 5-tuple (V, T, I, P, S), where V' is the set of
variables, T the set of terminals, I the set of indices, S in V' is the start symbol,
and P is a finite set of productions of the form, where A,B € V, a,y € (VUT)*,
1 €I

a. Al..] > aB[.]y b A[i.] >aB[.]y c. AL]— aB[i.]y

Example 1 L(Gyew) = {wew |w € {a,b}*},
Guww = ({S, R}, {a,b},{i,j},S,P)and P is:

1.5[.] = aS[i.] 2.8[.]—=bS[j.] 3.S[.]—cR[.] 4R[i.]— R[.]a
5.R[j.] - R[.Jb 5 R[] —e

1.2.2 Global Indexed Grammars

GIGs use the stack of indices as a global control structure. This formalism provides
a global but restricted context that can be updated at any local point in the deriva-
tion. GIGs are a kind of regulated rewriting mechanism (cf. Dassow and Paun
(1989)) with global context and history of the derivation (or ordered derivation)
as the main characteristics of its regulating device. The introduction of indices in
the derivation is restricted to productions that are in Greibach normal form (i.e. in
which the right hand side starts with a terminal). An additional constraint that is
imposed on GIGs is strict leftmost derivation whenever indices are introduced or
removed in the derivation.
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Definition 1 A GIG is a 6-tuple G = (N, T, 1, S,#, P) where N, T, I are finite
pairwise disjoint sets and 1) N are nonterminals 2) 7" are terminals 3) I a set of
stack indices 4) S € N is the start symbol 5) # is the start stack symbol (not in
I,N,T) and 6) P is a finite set of productions, having the following form:

alA -« (epsilon rules) or the equivalent A — «

a2A [% a  (epsilon with constraints) orin LIG format:  [y..]A — [y..]a
h. A —)ya B (push) [.JA—[z.]ap
A sa (pop) [2.]A = []a

Note the difference between push (type b) and pop rules (type c): push rules
require the right-hand side of the rule to contain a terminal in the first position.
Pop rules do not require a terminal at all. That constraint on push rules is a crucial
property of GIGs. Derivations in a GIG are similar to those in a CFG except that
it is possible to modify a string of indices. We define the derives relation = on
sentential forms, which are strings in I*#(N U T)* as follows. Let 5 and -y be in
(NUT)*, ébeinI*,zinI,wbeinT*and X;in (NUT).

1LIfA 7 Xi...X, isaproduction of type (a.) (i.e. u = e or u = [z], z € I) then:
0#PBAy ? 0#PBX .. Xpy O  zdH#LBAy ? dF#BX1... Xny

2. IfA 7 aX;...X, isaproduction of type (b.) or push: y = =,z € I, then:
d#w Ay :u> rd#FwaX;.. X,y

3. If A — X;...X, isaproduction of type(c.) orpop: u = Z,x € I, then:
w
2OHwWAY = H#wXq..... Xpy
N

The reflexive and transitive closure of = is denoted, as usual by =>. We define the
language of a GIG, G, L(G) to be: {w|#S = #w and w is in T*}

The main difference between IGs, LIGs and GIGs, corresponds to the interpre-
tation of the derives relation relative to the behavior of the stack of indices. In 1Gs
the stacks of indices are distributed over the non-terminals of the right-hand side
of the rule. In this way the same control words can be associated with multiple
paths. This allows dependent paths. In LIGs, indices are associated with only one
non-terminal at right-hand side of the rule. Thus there is only one stack affected at
each derivation step, with the consequence that LILs are semi-linear. GIGs share
this uniqueness of the stack with LIGs: there is only one stack to be considered
per derivation. Unlike LIGs and IGs, the stack of indices is independent of non-
terminals in the GIG case. Push rules (type b) are constrained to start the right-hand
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side with a terminal as specified in (6.b) in the GIG definition. The derives defini-
tion requires a leftmost derivation for those productions ( push and pop rules) that
affect the stack of indices.

The following example shows that GILs contain a language not contained in
LILs, nor in the family of MCSLs. This language is relevant for modeling coordi-
nation in Natural Language as observed, for example, in Gazdar (1988).

Example 2 (Multiple Copies) .L(Gywn) = {ww™ | w € {a,b}*}
Guwwn = ({S, R, A, B,C, L},{a,b}, {1, j}, S, #, P) and where P is:
S—+AS|BS|C C—RC|L R—-RA R—->RB R[z]e
1 J
A—-a B—b L—>Lala L—oLb|b
i J

i J
The derivation of ababab:
#S = #AS = i#aS = i#aBS = ji#abS = ji#abC = ji#abRC =
i#abRBC = #abRABC = #abABC = i#abaBC = ji#ababC = ji#ababl =
1#ababLb = #ababab

The next example shows the MIX (or Bach) language. Gazdar (1988) conjec-
tured the MIX language is not an IL. GILs are semilinear, therefore ILs and GILs
are incomparable under set inclusion.

Example 3 (MIX language) .
L(Gpiz) = {w|w € {a,b,c}* and |a|y = |bly = |c|lw > 1}
Gmiz = ({S,D, F,L},{a,b,c},{i,7,k,l,m,n},S,#, P) where P is:
S—FS|DS|LS|e F—c¢c F-—b F;)a
g J
D —aSb|bSa D —aSc|cSa D —bSc|cSb D—l>aSb|bSa
i j k

j
D —aSc|cSa D—->bSc|cSb L—oc¢c L—ob L—oa
m n 7 m n

The following language cannot be generated by LIGs. It is mentioned in
Vijay-Shanker et al. (1987) in relation to the definition of composition in Steed-
man (1985) Categorial Grammars, which permits composition of functions with
unbounded number of arguments and generates tree sets with dependent paths.

Example 4 (Dependent branches) .
L(Gsum) = { anbmcmdlelfn | n=m+1 > 1},
Gsum = ({S, R, F,L},{a,b,c,d,e, f},{i}, S, #, P) where P is:

S—aSfIR R—-FL|F|L F—>bFclbc L—dLel|de
% 7 %
The derivation of aabcdef f-

#S = i#aSf = ii#aaSff = ti#aaRf f = ii#aaF Lf f = i#aabcLf f =
F#aabedef f
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1.2.3 Control of thederivationin LIGsand GIGs

Every LIL can be characterized by a language L(G,C), where G is a labelled
grammar (cf. Weir (1992)), G = (N, T, L, S, P), and C is a control set defined by
a CFG (a Dyck language):
{a...an| < S, e >S< a1, wy > ... < ap,wp >,a; € TU{e},wy,...,w, € C}.
In other words, control strings w; are not necessarily connected to each other.
Those control strings are encoded in the derivation of each spine as depicted in
figure 1.1 at the left, but every substring encoded in a spine has to belong to the
control set language. Those control words describe the properties of a path (a spine)
in the tree generated by the grammar G, and every possible spine is independent.
We defined the language of a GIG G, L(G) to be: {w|#S = #w and w is
in T*}. We can obtain an explicit control language modifying the derivation as
follows. First modify the derives relations such that pop productions rewrite the
complement of the index: zd#w A~y :“> TrOHWX1...... Xy

Then, define the language of a GIG G, to be the control language L(G, C):
{w|#8 S d#w and wis in T*, ¢ isin C' }, and C is defined to be the Dyck
language over the alphabet I U I (the set of stack indices and their complements).

It is easy to see that no control substring obtained in a derivation subtree is
necessarily in the control language, as is depicted in the figure 1.1 at the right. In
other words, the control of the derivation can be distributed over different paths,
however those paths are connected transversally by the leftmost derivation order.

Bl B
A
£ ANz

Figure 1.1: LIGs: multiple spines (left) and GIGs: leftmost derivation

1.3 GlGsand structural descriptions

Gazdar (1988) introduces Linear Indexed Grammars and discusses their applica-
bility to Natural Language problems. This discussion is addressed not in terms of
weak generative capacity but in terms of strong-generative capacity. Similar ap-
proaches are also presented in Vijay-Shanker et al. (1987) and Joshi (2000) (see
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Miller (1999) concerning weak and strong generative capacity). In this section we
review some of the abstract configurations that are argued for in Gazdar (1988).

1.3.1 Thepalindrome language

CFGs can recognize the language {ww®|w € %*} but they cannot generate the
structural description depicted in figure 1.2 (we follow Gazdar’s notation: the left-
most element within the brackets corresponds to the top of the stack):

Figure 1.2: Non context-free structural descriptions for the language {ww®|w €
¥} Gazdar (1988)

Gazdar suggests that the configuration at the left would be necessary to rep-
resent Scandinavian unbounded dependencies. Such an structure can be obtained
using a GIG (and of course a LIG). But the exact mirror image of that structure,
(i.e. the structure at the right) cannot be generated by a GIG because it would re-
quire push productions with a non terminal in the first position of the right-hand
side.

However GIGs generate a similar structural description as depicted in figure 1.3
at the left. In such structure the dependencies are introduced in the leftmost deriva-
tion order. The English adjective constructions that Gazdar argues can motivate the
LIG derivation, are generated by the following GIG grammar. The corresponding
structural description is shown in figure 1.3.

Example 5 (Comparative Construction) .
Guj = {AP,NP, A, A}, {a,b,c},{i,j}, AP, #, P) where P is:

AP - APNP AP—-A A—AA
A—a A—b A?c NP - a NP
7 7

J
NP >bNP NP —>c¢NP
J k

It should be noted that the operations on indices are reversed as compared to
the LIG case shown in right figure of 1.2. On the other hand, it can be noticed also
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[d,cﬁﬁ}

[cb.d]
C

d

Figure 1.3: GIG structural descriptions for the language ww®

that the introduction of indices is dependent on the presence of lexical information
and its transmission is not carried through a top-down spine, as in the LIG case.
The arrows show the leftmost derivation order that is required by the operations on
the stack.

1.3.2 TheCopy Language

Gazdar presents the two possible LIG structural descriptions for the copy language
depicted in figure 1.4.

Figure 1.4: LIG structural descriptions of the copy language Gazdar (1988)

The structural description at the left in figure 1.4 can be obtained using GIGs,
but not the one at the right. However Gazdar argues that the tree structure shown
in figure 1.5 at the left, could be more appropriate for some Natural Language
phenomenon that might be modeled with a copy language. Such structure cannot
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be generated by a LIG, but can be generated by an 1G.

Figure 1.5: An IG structural description of the copy language Gazdar (1988) (left)
and a GIG structural description (right)

GIGs cannot produce this structural description either, but they can generate
the one presented in the figure 1.5 at the right, where the arrows depict the leftmost
derivation order. GIGs can also produce similar structural descriptions for the lan-
guage of multiple copies (the language {ww™| w € *} as shown in figure 1.6,
corresponding to a grammar like the one shown in example 2.

Figure 1.6: A GIG structural description for the multiple copy language
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1.3.3 Multiple dependencies

There is no discussion of the applicability of multiple dependency structures in
Gazdar (1988). The relevant structures that can be produced by a LIG are depicted
in figures 1.7 and 1.8 (left). GIGs can generate the same structures as in 1.7 and
the somewhat equivalent in 1.8 at the right.

[-]
lil
[i]

[i]

b [.] ¢

b

Figure 1.8: A LIG (left) and a GIG (right) structural descriptions of 3 dependencies

Also, GIGs can produce other structures that cannot be produced by a LIG, as
we show in figure 1.9, including those corresponding to G s, discussed above.

1.3.4 Conclusions

We have reviewed GIGs and GILs and their most important properties. We showed
that the descriptive power of GIGs is beyond CFGs. CFLs are properly included
in GILs by definition. We showed also that GIGs include some languages that are
not in the LIL/TAL family nor in the MCSLs as characterized in Weir (1992). The
similarity between GIGs and LIGs, strongly suggests that LILs might be included
in GILs. We presented a comparison of the structural descriptions that LIGs and
GIGs can be generate. We have shown that GIGs generate structural descriptions
for the copy and multiple dependency languages which can not be generated by
LIGs. Finally, we have shown also that the extra power that characterizes GIGs,
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Figure 1.9: A GIG structural descriptions of 4 dependencies (left) and the example
of grammar G gy, (right)

corresponds to the ability of GIGs to generate dependent paths without copying the
stack but distributing the control in different paths.
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