Chapter 1

Variable-free reasoning on finite trees

PATRICK BLACKBURN*, BERTRAND GAIFFE", MAARTEN MARX?

ABSTRACT.

In this paper we examine three modal languages that have been proposed in the model theoretic
syntax literature for describing finite ordered trees. We compare their expressive power, and
then examine a key complexity-theoretic issue: how expensive it is to decide — given a theory
specifying a certain class of trees — whether a formula describes a model? Our main result
is that for the languages proposed by Blackburn et al. and Palm this problem is EXPTIME-
complete.

1.1 [Introduction

Model theoretic syntax is an uncompromisingly declarative approach to natural
language syntax: grammatical theories are logical theories, and grammatical struc-
tures are their models. Perhaps the best known work in this tradition is that of
James Rogers (for example ?) in which grammatical theories are stated in monadic
second-order logic. However other authors (in particular ??, ? and ?) use various
kinds of modal logic (in essence, variable free formalisms for describing relational
strcutures) to specify grammatical constraints. ? contains some interesting linguis-
tic examples and is a good introduction to (and motivation for) this approach.

In this paper we examine the modal languages proposed by Kracht, Palm, and
Blackburn et al. for describing models based on finite trees. We compare their
expressive power, and then examine a key complexity-theoretic issue: how expen-
sive it is to decide — given a theory specifying a certain class of trees — whether
a formula describes a model? Our main result is that for the languages of Black-
burn et al. and Palm this problem is complete for the class of problems solvable in
exponential time.
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1.2 Thelanguages. %, %, and £

We first recall the definitions of three modal languages proposed in the model-
theoretic syntax literature for specifying declarative constraints on ordered trees.
We start with the strongest, proposed by Marcus Kracht in ??. The language will
be called .Z; (K for Kracht).

Z is apropositional modal language identical to Propositional Dynamic Logic
(PDL) ? over four basic programs <, —, 1 and |, which explore the left-sister,
right-sister, mother-of and daughter-of relations. Recall that PDL has two sorts of
expressions: programs and propositions. We suppose we have fixed a non-empty,
finite or countably infinite, set of atomic symbols A whose elements are typically
denoted by p. % ’s syntax is as follows, writing T for programs and ¢ for propo-
sitions:

m = «|=>|1|{|mr|numn| |2
¢ = plT|-plone|(me.

We sometimes write .%, (A) to emphasize the dependence on A. We employ the
usual boolean abbreviations and use |17 for —(1T)—¢.

We interpret .2} (A) on finite ordered trees whose nodes are labeled with sym-
bols drawn from A. We assume that the reader is familiar with finite trees and such
concepts as ‘daughter-of’, ‘mother-of’, ‘sister-of’, ‘root-node’, ‘terminal-node’,
and so on. If a node has no sister to the immediate right we call it a last node, and
if it has no sister to the immediate left we call it a first node. Note that the root
node is both first and last. The root node will always be called root. A labeling of
a finite tree associates a subset of A with each tree node.

Formally, we present finite ordered trees as tuples T = (T, R%,Ri). Here T is
the set of tree nodes and R_, and R, are the right-sister and daughter-of relations
respectively. A pair 9t = (T,V), where T is a finite tree and V : A — Pow(T),
is called a model, and we say that V is a labeling function or a valuation. Given a
model 991, we simultaneously define a set of relations on T x T and the interpreta-
tion of the language %, (A) on It:

R, R™'  Ruy = RrUR,
Rn* = R?T R?(p = {(tat) ‘ mat 'Z (p}

MteEp iff teV(p), forallpe A
MtE=T  iff teT
MtE-@ iff MtiEe
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MtE=oAy iff MtE=gpand Mt =y
MtE=(me iff Jt (tRt" and Mt' = ).

If 9,t = @, then we say ¢ is satisfied in 90t at t. For any formula ¢, if there is a
model 90t such that 91, root = ¢, then we say that ¢ is satisfiable. For I a set of
formulas, and @ a formula, we say that @ is a consequence of I (denoted by I' |= @)
if for every model in which T is satisfied at every node, @ is also satisfied at every
node.

Below are two examples of such formulas: (3.2.1) says that every a node has
a b and a c daughter, in that order, and no other daughters; and (3.2.2) says that
every a node has a b first daughter followed by some number of ¢ daughters, and
no other daughters.

(121 — (&) TADA(=)(CA=(=)T))
(1228 — () ()TADA((—;2¢)*)~(—=)T).

A final remark. Note that we could have generated the same language by taking
J and — as primitive programs and closing the set of programs under converses.

Two more languages The two other languages proposed in the literature only
differ from .Z in the programs they allow.

The language proposed by Blackburn, Meyer-Viol and de Rijke (?), here called
Zg, is the weakest. It contains only the four basic programs plus their transitive
closures, denoted by a superscript (-)*. This language is precisely as expressive as
the language generated by the following programs:

Mi=<«|—=| 1| ]| .

To see this, note that for me {«+—,—,1,]}, the transitive closure operator is express-
ible by, (1)@ = (m)(rt*)@. For the other direction, note that ((1t*)*)p = (r*)¢
and (1) = @V (") @

The language proposed by ?, here called %}, lies between .Z; and %, with
respect to expressive power. It is generated by the following programs?:

mi=«|—=|1|]|?@ | m.

Palm tried to designed his language to have exactly the expressive power required
to reason about syntactical structures. At first glance, .Z;, seems rather weak com-
pared with Kracht’s language, for it lacks the composition, union and test operator

LPalm’s conditional paths M, are denoted here as ?g; 1.
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constructors. However note that when these are applied outside of the scope of
the Kleene star they are definable as follows: () = (m)(m)e, (MU )=
(meV (), and (?Y)@ = Y A @. Palm claims that “The resulting ‘tense’ frag-
ment of PDL holds sufficient expressivity to handle the linguistic demands on tree
constraints”.

Palm calls his language Propositional Tense Logic for Finite Trees, making an
analogy with branching time logic. In branching time logic, (}*)@ and (1*)@ are
called sometimes in the future ¢ and sometimes in the past ¢, respectively. But
besides these unary operators, branching time logic standardly makes use of the
binary until and since connectives. Until is defined as: 901,t = U (@, ) iff there
exists a time t' in the future of t with 90t,t’ |= @ and for all time points t” in between
t and t’ it holds that 91,t” = (. Since has an analogous definition, but toward the
past.

In fact, Palm’s choice of the name Tense Logic is apt, for as we shall now see
-Zp is nothing but the simplest language .Z; with four additional until operators
defined as follows. For me {«,—, 1,1}, M,t = U@, ) iff there exists at’ such
that tR,.t" and 91,t’ |= @ and for all t” such that tR .t"Rt’ it holds that 20t,t" |= (.
Un(@, ) is a very natural operation. For instance, the program while @ do 7T is
expressed by U (-, @).

Theorem 1.2.1. The language %} is precisely as expressive as the language .2
with the additional four until programs.

Proof: For one direction, note that for me {<,—, 1,4}, Un(@, @) = ((?y; m)*) @,
and the right hand side is a Palm formula. For the other direction, we use induction
on the complexity of the programs in ., formulas. Inside this proof .Z; ., denotes
the language % with the additional four U programs.

Consider the formula (1) @. There are three cases. If 7Tis a basic program, then
(me e 2, Inthe second case, mis of the form ?y; P, for P a program. If P is a
basic program, then (1)@ = (?(; P) @ is equivalent to ¢y A (P) @ which is in .Z, ;.
If P itself is of the form ?6;P’, then ()¢ = (?y; (?6;P’)) ¢ which is equivalent
to (?(Y A B);P")@. Now P’ is of smaller complexity than P, whence by inductive
hypothesis, the last formula is equivalent to a formula in £ ;. Finally if P is of
the form Q*, then (1)@ = (?; Q*) @ which is equivalent to ¢ A (Q*) ¢, which by
IH then is equivalent to a formula in .Z ;. In the third and last case, T is of the
form P*. If P is a basic program, (m)@ € .Z.;- If P itself is of the form Q*, then
(me=((Q*)*)@ = (Q*)® which then by IH is equivalent to a formula in .Z, .
If P is of the form ?y;Q, then if Q is atomic (M@ = ((?Y;Q)*)p = UQ((p, Y),
whence in .Z ;- If Q is of the form 26; Q" it reduces as before. If Q = (Q')*, then
(me=((?¢;(Q")*)*)@ which is equivalent to @V (Y A ((Q")*) @), which by IH is
equivalent to a formula in .Z, O

ntil

ntil*
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Actually, one can be even more economic in defining this extension of .Z;. Let
us redefine .Z;, to be the modal language with the following four binary modal
operators: for me {«,—, 1,1}, M,t = Until (o, ) iff there exists a t’ such that
tR . t" and 9t |= @ and for all t” such that tR_,t"R_.t" it holds that 2t,t" |= .
Then (¢ and (1)@ can be defined to be Until (@, L) and ¢V Until (¢, T),
respectively. The previous (non strict) until construct U (¢, ) is equivalent to
@V (YA Until(g,P)).

Let us briefly discuss the relationship between the modal languages discussed
in this paper and the first order logic of ordered trees. Let £ denote the first
order language over the signature with binary predicates {Ri,RH,Ri*,RH*} and
countably many unary predicates. % is interpreted on ordered trees in the ob-
vious way, with R, being the daughter relation, and so on. Kracht’s language %}
can express properties beyond the power of £ 4. For examples, it can express the
property of having an odd number of daughters:

(1.2.3) (D) TA((==))~(=2)T).

On the other hand, Theorem 3.2.1 entails that every Palm formula is equivalent
to a formula @(x) in Z,; we simply use the standard translation of until into
Zr (see Blackburn et al (2001). We conjecture that the converse is also true: %,
is functionally complete with respect to .Z,. For unordered trees such a result
(generalizing Kamp’s famous theorem to trees) can be found in ?.

Theorem 3.2.1 together with (3.2.3) entail that .}, is strictly contained in .Zj.
That Z is strictly contained in .Z, follows from the well known fact that until is
not expressible on linear orders from the future and past modalities. For a concrete
example of difference in expressive power, note that the property of having exactly
2 p daughters is expressible in Zp:

(1.2.4) (D(PA(TPA NP =) ) (PA~(=T)D))

However an easy bisimulation argument (see Blackburn et al (2001) for the defini-
tion of bisimulation) can be used to show that % cannot express this property.

We conclude this section with a summary of the relative expressive power of
the languages we have discussed:

* Ly G Lo =L & L

o 4 CLpand 2y & Lo

e Conjecture: £ i = Zro-
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1.3 Complexity

In model theoretic syntax we specify a certain class of trees by stating a theory ©
in a tree language (© is our grammatical theory). Thus a key question is: given
a formula ¢, does ¢ describe a structure that is grammatical with respect to this
theory? More formally: does there exist a model 93t such that 90t is a model of ©
(i.e., every formula in © is true at every node in 9)t) and 901 satisfies @ (i.e., @ is true
at the root of 90t)? This holds iff © |~ root — —¢@. (Here and below we also use root
to denote the formula —(1) T, which indeed is satisfied at the root of a tree only.)
This is the type of problem we will study. For L a language, the L consequence
problem consists of all pairs (I, x) with T U{x} afinite set of L formulas such that
I = x. We now study the complexity of this problem for .£;,.%, and .%.

Decidability of the .Z} consequence problem is shown in ?, Theorem 5, via
a reduction to the .Z; consequence problem. Unfortunately the reduction is not
correct (a counterexample is given in the Appendix to this paper). However %
decidability can be proved by interpreting it in Lﬁ’P, the monadic second order logic
of variably branching trees of ?. (The decidability of the satisfiability problem
for L2K7p follows, in turn, via an interpretation into SwS.) The translation of %
formulas into LZ , is straightforward. Note, in particular, that we can use second
order quantificatfon to define the transitive closure of a relation: for R any binary
relation, xR*y holds iff

X =yVVX(X(X)AVz,Z(X(z) AzRZ' — X(Z')) — X(y)).

Note that although this reduction yields % decidability, it only gives us a non
elementary decision procedure.

What of the complexity of these consequence problems? In ? the problem
for 5 was claimed to be in EXPTIME?, but the proof contains a mistake. Here
we show that the claim is indeed correct, and that the same result holds for the
language .Z},. Before we go into the proof details we consider the problem in a bit
more detail. We first look at the lower bound:

Theorem 1.3.1. The consequence problem for the language with only | is EXPTIME-
hard.

Proof: This is an immediate corollary of ? analysis of the lower bound result for
PDL. She notes that the following fragment of PDL is EXPTIME-hard: formulas

2EXPTIME is the class of al problems solvable in exponential time. A problem is solvable in
exponentia time if there is a deterministic exponentially time bounded Turing machine that solves
it. A deterministic Turing machine is exponentially time bounded if there is a polynomial p(n) such
that the machine always halts after at most 2P(" steps, where n isthe length of the input.
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of the form @ A [a*]0, (where ¢ and 6 contain only the atomic program a and no
embedded modalities) that are satisfiable at the root of a finite binary tree. Identi-
fying the program a with |, the result follows (because [|*]6 A Y is satisfiable at
the root of a finite tree iff 6 = root — —). 0 For full PDL this

bound is optimal. There is even a stronger result: every satisfiable PDL formula ¢
can be satisfied on a model with size exponential in the length of ¢. Unfortunately
with tree-based models there is no hope for such a result:

For every natural number n, there exists a satisfiable formula of
size €'(n?) in the language with only | and |* which can only be sat-
isfied on at least binary branching trees of depth at least 2".

A formula which forces the deep branch is given in ?: Proposition 6.51; one only
has to add the conjunct [J*]({({)p A (})—p) for some new variable p to enforce
binary branching. Note that the size of the model is double exponential in the size
of the formula. This means that a decision algorithm which tries to construct a tree
model must run at least in exponential space, as it will need to keep a whole branch
in memory.

Fortunately we can do better, taking a cue from the completeness proof for
a related language in ?. Instead of constructing a model we design an algorithm
which searches for a “good” set of labelings of the nodes of a model. Label sets
consist of subformulas of the formula ¢ whose satisfiability is to be decided. From
a good set of labels we can construct a labeled tree model which satisfies ¢. The
gain in complexity comes from the fact that the number of labels is bound by an
exponential in the number of subformulas of ¢. As we shall show, the search for a
good set of labels among the possible ones can be implemented in time polynomial
in the number of possible labels using the technique of elimination of Hintikka sets
developed by ?. Thus we will be able to prove:

Theorem 1.3.2. The ., consequence problem is in EXPTIME.

The proof of Theorem 3.3.2 consists of a reduction and a decision algorithm.
The reduction combines ideas from ?, Theorem 5 and Rabin’s reduction of ScwS to
S2S.

Let ., be the modal language with only the two programs {l,,l,} and the
modal constant root. .7, is interpreted on finite ordered binary trees, with |, and
1, interpreted by the first and second daughter relation, respectively, and root holds
exactly at the root. We present such trees by triples (T,>,>,).

Lemma 1.3.3. There is an effective reduction from the ., consequence problem
to the .Z,, consequence problem.
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The proof is provided in the appendix. The theorem now follows from the
previous lemma together with the following one, which we shall prove in the next
section:

Lemma 1.3.4. The .Z, consequence problem is in EXPTIME.

1.4 Deciding %,

We will give an EXPTIME algorithm that on input %, formulas y, x decides
whether there exists a model 2t in which y is true everywhere and x is true at
the root. To this the consequence problem reduces because y = @ iff there exists
a model in which yA (p <> =@V ({,)pV ({,)p) is true everywhere and p is true
at the root. Here p is a new propositional variable whose intended meaning is

(1 Ud)") e

Preliminaries. Recall that a set of formulas X is said to be closed under subfor-
mulas iff for all @ € Z, if ¥ is a subformula of @ then ¢ € Z. It is closed under
single negations if whenever @ is in the set and ¢ is not of the form - then also
=@ is in the set. For X a set of formulas, CI(Z) (called the closure of Z) is defined
to be the smallest set of formulas containing Z that is closed under subformulas
and single negations and which contains the constant root and the formulas (},)T
and (l,) T. From now on we fix two arbitrary formulas yand x.

Definition 1.4.1 (Hintikka Set). Let A CCI({y, x}). We call A a Hintikka Set if A
satisfies the following conditions:

. yeAand T € A

. If@eCl({y,x}) then p e Aiff ~p & A.
MfoAnPeCl({y,x}) thenpAy e Aiff pe Aand Y € A
()T eAIff (1) T €A

A W DN -

Let HS(y, x) denote the set of all Hintikka Sets which are a subset of CI(y, X).
Note that |HS(y, x)| < 2/€1vx)I,

For H a set of Hintikka sets, let] : H — {0, 1,...,|H|} be a function assigning
to each A € H a level. We call a structure (H, 1) an ordered set of Hintikka sets.

Definition 1.4.2 (Saturation). Let (H,I) be an ordered set of Hintikka sets and let
k be either 1 or 2. We call (H, 1) saturated if for all A € H, ({, )@ € A only if there
exists a B € H such that I(A) > 1(B) and for all (},)y € CI(y,Xx), ()@ € Aiff
Y €B.
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The connection. We are ready to formulate our most important lemma.
Lemma 1.4.1. The following are equivalent:

1. There exists a model over a finite binary branching tree in which y is true
everywhere and x is true at the root;

2. There exists a saturated ordered set of Hintikka Sets (H, I), with H C HS(y, )
and there is an A € H with {root, x} CA.

Proof: First assume 93t is a model over a finite binary branching tree in which y
is true everywhere and x is true at the root. For each node n define Ap = {y €
Cl(y,x) | 9,n |= }. Obviously each A, is a Hintikka set and there is an A with
{root, x} C A. Let H be the set of all such Ay. Let A, abbreviate the conjunction of
all formulas in A,. Inductively define the level function on H. First define which
Hintikka Sets are of level 0:

I(A)=0ift €A

Next, suppose the i-th level is defined. First define: S; = {A € H | I(A) <i}. Next,
if H\S; is non-empty then the i+ 1-th level is defined as follows: [(A) =i+ 1 if
A ¢ZS; and

M, root = (4, ULy)" )(A/\[*L1U~L2 (L1 Udp)] \/B

BeS;

On the other hand, if H\S, is empty then there is no i+ 1-th level. It is not hard to
show that (H,1) is saturated.

Now assume (H, 1) is saturated and there is an A, € H with {root, x} C A,.

We inductively construct a finite binary tree and a function h from the nodes to
H in such a way that we can turn the tree into a model 99t for which we can prove
the truth lemma,

forall ¢ € Cl(y, x), M,n = @ ifand only if ¢ € h(n).

By the first condition on Hintikka sets and the existence of A, € H, this yields a
model in which yis true everywhere and x at the root. Let .7 be some denumerably
infinite set; we shall use (finitely many) of its elements as the tree nodes.

Stage 0. Define T, to be {t,}; =9 to be 0; 3 to be 0; and h, to be {(wy, Ay}

Stage n+ 1. Suppose n stages of the inductive construction have been per-
formed. We call a pair (t,k) (wheret € T, and k € {1,2}) an unsatisfied demand
iff (1)@ € h(t) but there is no t’ € T, such that t >, t'. If there are no unsatisfied
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demands the construction is complete. Otherwise, choose an unsatisfied demand
(t,k). As (H,I) is saturated there exists a B € H such that I(h,(t)) > 1(B) and for
all (},)Y €CI(Z), (}, )Y € ha(t) iff g € B. Lett’ € F\T,. Define:

T = Thuit}
AT = e
S

hopr = haU{({,B)}.

While adjoining a new node t’ to t as described in the inductive step may result
in new unsatisfied demands (t',k), where k € {1,2}, we were careful to choose
h(t’) from a strictly lower level than h(t). This means that in the course of the
construction we will be forced to map the newly adjoined node t’ to a Hintikka
set of level zero; but doing so cannot give rise to an unsatisfied demand. Thus the
construction process terminates.

Let (T,>,,>,) be the result of the final stage. Note that by the last condition
on Hintikka Sets and the fact that there are no unsatisfied demands every non leaf
node has two daughters. Turn (W,>,,>,) into a model 9t = (W, >,,>,,V) by
setting n € V (p) iff p € h(n).

Prove the truth lemma by an induction on the complexity of the formulas. The
base case is by definition of V. The boolean cases are by conditions 2 and 3 on
Hintikka sets. The cases for (|, ) follow from the fact that all demands are satisfied.

O

The algorithm.  The decision algorithm for .Z, satisfiability is presented in Fig-
ure 3.1. Its most important properties are presented in the next lemma.

Lemma1l.4.2. 1. Elimination of HS(y, x) terminates after at most |[HS(y, x)|
rounds of the do loop.
2. The statement “(S, | ) is a saturated ordered set of Hintikka sets” holds after
the do loop of Elimination of HS(y, x).

Proof: (1) The bound function of the do loop is the size of Pool which is being
reduced in every round, or the loop terminates because L= 0. The initial size of
Pool is bounded by |HS(y, x)| = 2/€1v:x)1,

(2) Because the statement “HS(y, x) = Pool w Sand (S, | ) is a saturated ordered
set of Hintikka sets” holds before the do loop and is an invariant of the do loop. O
This lemma immediately yields our desired result:
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PROOF OF LEMMA 3.3.4. Inorder to decide whether there exists a model is which
y is true everywhere and x is true at the root we run Elimination of HS(y, x). The
algorithm is correct by Lemma 3.4.1 and part 2 of Lemma 3.4.2. By part 1 the
algorithm terminates after at most |HS(y, x)| < 2I°"0:X)! rounds of the do loop.
As in ?, the tests inside the do loop take time bounded by p(|HS(y, x)|) for some
polynomial p. Since |CI(y, x)| is linear in the number of subformulas of y, x, the
algorithm is in EXPTIME. QED

begi n
L {A€HS(y.x) [~{l)T €A}
Pool : = HS(y,x)\ L;

S T
i = 0;

I = {(Aji)|Ae L}
do L#0 —

-
1

{A€Pool |(SU{A},1U(A,i+1))

is a saturated ordered set of
Hi nti kka Sets };

Pool \ L;

S UL

i +1;

I U {(A)i)|Ae L}

o

o

<3
I

od;
if 3Ae S {x,root} CA
t hen true
el se fail
fi
end

Figure 1.1: The algorithm elimination of HS(y, ).

1.5 Conclusions

We discussed the relative expressivity of three modal languages proposed for spec-
ifying grammatical constraints on finite ordered trees. We added a fourth language,

£, @nd conjectured it to be precisely as expressive as the first order language
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of ordered trees. We showed that the consequence problems for £, %, and &,
are EXPTIME-complete. We conjecture that the same bound holds for %, as well
(note that if Kracht’s polynomial reduction of .} satisfiability to %5 satisfiability
can be repaired, this follows immediately from the results in this paper).

Palm argued that writing grammatical constraints in the language .} is straight-
forward and yields formulas which are simpler and easier to understand than first
order formulas. We think this is due to the lack of variables and the direct use of
the “tree-axis” in %, formulas. It is interesting to note that the language XPath
contains exactly these two features. XPath was designed to extract elements from
XML documents, and the natural models of XML documents are finite ordered
trees.
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Appendix

Counterexample to Kracht’s reduction. We present a counterexample to the
reduction from £}, to .5 given in the proof of Theorem 5 in ?. Take the following
non satisfiable formula ((*)*)_L. Then O(y) is

a, ~ L

QL ALV AL
uyme 0 Qe V9L
Ay € gL

0, )+, Can be made true in the tree with domain {0,00}, with O the root and 00
her daughter and the following valuation:
Vv(0)
V(00) =

{90y 0y ()L Gamy ) Lo Gy L3
19y Kyt
This model makes CI(y) true. But clearly we do not have 0 = ((1;1)*)L, contrary

to Kracht’s claim that for every node n, and for every formula x in the Fisher
Ladner closure it holds that n |= x < q.

Proof of Lemma 3.3.3  Although Kracht’s reduction of %} to .Z is flawed, his
approach can used to give a reduction of %, to .Z,, and we shall do so here. Note
that y;,...,yn = X iff = [L*](\, A... Aya) = X. Thus we need only reduce the
consequence problem for empty I'. The proof of Theorem 3.2.1 gives an effective
reduction from %, to .Z ., formulas.

Let x € 2. LetCl(x) be the smallest set of formulas containing all subfor-
mulas of x and which is closed under taking single negations and under the rule:

Until (@, @) € Cl(x) = @A Until (@, Y) € Cl(X).
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We associate a formula O(x) with x as follows. We create for each ¢ € Cl(x),
a new propositional variable q,- Now O(x) “axiomatizes” these new variables as
follows:

dp & op
Ay & -q,

Upno & 0,AGy

Wntita(gp) < {0V DY (ynUnti(g.0))"

We claim that for every model 9t which validates (), for every node n and for
every subformula @ € CI(x), 2,n = q,, iff M,n = @.

The proof is by induction on the structure of the formula, and for the left to
right direction of the until case by induction on the depth of direction of 7. We do
that case for Until . Let n be a leaf. By the axiom in O(x), 9,n B~ qUntiIl((p,w)'

But also 9, n = Untili((p, ). Now let n be a node with k+ 1 descendants, and
let the claim hold for nodes with k descendants. Let 9t,n = qumill((p W) Then

by the axiom 9t,n = (L)q(p or M,n = (¢)q(wAUntiI (O0)) In the first case, there
l b}

exists a daughter m of n and 9t,m = q,- By inductive hypothesis, 9t,m = o,

whence 90t,n = Untili(qo, Y). In the second case, there exists a daughter m of n

and 9t,m = qy and M, m |= qUntiIL((p vy Whence, by first inductive hypothesis,

M, m = ¢ and the second inductive hypothesis 9t,m = Untili(qo, ). But then
also M, n = Until¢((p, ). Hence the following holds for each x € .Z,

ntil
=X < 0(x) =ay-

Note that the only modalities occurring in O(x) are () for 17 one of the four
compass arrows. We can further reduce the number of arrows to only |, — when we
add two modal constants root and first for the root and first elements, respectively.

Let x be a formula in this fragment. As before create a new variable 4y for
each (single negation of a) subformula ¢ of x. Create () as follows:

dp < p

.o ¢ 7y

oaw € UpAdy

U < (maq, for me {},—}.

And for each subformula (1)@ and (+)¢@ we add to [ the axioms

q(p — [J/]q(T)(p’ <~L>q<T>(p — qq;a q<T)(p — _|r00t,
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We claim that for every model 9t which validates (), for every node n and
for every subformula ¢ € Cl(x), 9,n = dy iff 9t,n = @. An easy induction
shows this. We do the case for (1)@. If n = (1)@, then the parent of n models
@, whence by inductive hypothesis, it models Qg SO by the axiom d, — [¢]q<T>(p,
nlik Uity Conversely, if n = Uity then by axiom Uipyp = =root, n is not the
root. So the parent of n exists and it models (i)qm(p. Then it models dy by axiom

(¢)q<T o Ugr and by inductive hypothesis it models ¢. Thus n |= (1)@. Hence,
the foflowing holds

yEXx < O(yAX),ay = ay.

Note that the formulas on the right hand side only contain the modalities (J.) and
(—). Finally we reduce the consequence problem to that of binary branching trees.

Let x be a formula, let d and gy, be new variables. Let (-)’ be the following
translation:

p' = p

o' = ¢

(eAY) = @nyY

(o) = () [dAe)
(=) = {()dA9)

root’ = root

first' = Ofet-

Note that this translation goes to the Palm language generated from the programs
1, and |,. Then  is satisfiable on a tree in which y is true in every node iff d A x’
is satisfiable on a binary branching tree in which d — v and [11]0¢s A [L5] "CGfirst A
(root — 0Qy,) is true everywhere. This is shown using the main idea from the
reduction from SwS to S2S explained in ?. Whence we have that

yEX&d=YA [ 11grst A o] =Gt A (rOOt = Qi) = d — X'

Now we can use the first reduction again to reduce this problem to the consequence
problem of the language with just the modalities (|,) and (l,), interpreted on bi-
nary trees.

Chaining these reductions together, we obtain the reduction stated in the lemma.



